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Introduction

@ In the Electron-lon Collider (EIC), Strong Hadron Cooling (SHC) is
needed to reach high luminosity. Present baseline approach for SHC is

based on Coherent electron Cooling (CeC).
@ A general CeC scheme consists of three main sections: Modulator,
Amplifier, Kicker

Dispersion section ,* -
X

Hadrons Modulator ( for hadrons) ,’/
D —— ¥
/ I, High gain FEL (for electrons) / \J \
2

(a) CeC with free electron laser (FEL) amplifier
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Other implementations of amplifier

Hadrons Modulator Kicker
Electrons | —— | —— — l'—

—

(a) Plasma cascade amplifier (PCA)
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Amplification stage 1 Amplification stage 2

(b) Microbunched coherent electron cooling (MBEC)
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Simulation tool

@ The SPACE code is a parallel, relativistic, three-dimensional (3D)
electromagnetic (EM) Particle-in-Cell (PIC) code.
Finite-difference time-domain (FDTD) or Yee's method
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Uniform mesh, adaptive mesh, adaptive Particle-in-Cloud

@ The GENESIS code is a three-dimensional, time-dependent code
developed for high-gain FEL simulations.
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© Modulator
@ Theory
@ Simulation
@ FEL-based CeC
@ PCA-based CeC
o MBEC-based CeC
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Analytical tools for modulation process

Cold uniform electron beam (©V. N. Litvinenko

q=—Ze-(1-cosg,) @ =, /cy,
(a) Density modulation
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(b) Energy modulation
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Analytical tools for modulation process

G. Wang, and M. Blaskiewicz. Physical Review E 78.2 (2008): 026413.
Linearized Vlasov Equation
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Analytical tools for modulation process

Fourier transform

ed(k, t) K

m, o'?v

—fl(kv 1) + ik - of (k,0,0) +i ~fo(v) =0

(k1) = Z[Z - (k)]
Multiply both sides by e’k7t
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Analytical tools for modulation process

Initial condition £ (k,0) = 0

1
PN = > = ﬁ -
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Note relation
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Analytical tools for modulation process

We have
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Analytical tools for modulation process

For cold electrons, the velocity distribution in the rest frame of the ion
reads fo(V) = nod3(V), which gives g(7) = 1
The integral equation reduces to 2nd order ODE

d2

Wﬁl(k, t) = —wiﬁl(k, t) + Z,-wf,
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Analytical tools for modulation process

Without ion, with initial perturbation
d> _ - (7
—n (k,t) = —a);nl (k,t)

=0, (k,t) =1, (k,O)cos(a)pt) +—"

With ion, without initial perturbation

n, (E,t) =Z, [1 — cos(a)pt)]
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Analytical tools for modulation process

Warm uniform electron beam with xk — 2 velocity distribution:

. 1 v2 v B
W)= | I+ 5+ 5+ =5
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(a) k—2
G. Wang, and M. Blaskiewicz. Physical Review E 78.2 (2008): 026413.
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(a) Density modulation
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Analytical tools for modulation process

Warm uniform electron beam with x — 2 velocity distribution. G. Wang, V

N. Litvinenko, and M. Blaskiewicz. "Energy Modulation in Coherent
Electron Cooling." Proceedings of IPAC (2013).
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Analytical tools for modulation process

The warm beam result reduces to the previously derived cold beam result
at the corresponding limits

[)) =0 vO,z =0 Lmod << ﬁOYOC/wp
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(b) Energy modulation
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Simulation

using uniform beam
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Simulation using Gaussian beam

Continuous focusing field

2
— meo,, , _, .
E. — erv(p_
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where 7= (x, y) is the radial coordinate in transverse plane, i = (xo, yo) is
the center of the Gaussian distribution, o, is the RMS of the Gaussian
distribution in both horizontal and vertical directions and o, is the RMS
velocity of the electron distribution.

Transverse beam size is constant in the modulator.
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Simulation using Gaussian beam, continuous focusing
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Simulation using Gaussian beam, continuous focusing
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FEL-based CeC experiment

125 MV
z CeC “kicker” CeC FEL amplifier ~ CeC modulator SRF photo-gun
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Modulator of FEL-based CeC experiment
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Bp(T-m) = 3.3356pc(GeV)
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Modulator, quadrupole beam line
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Modulation, quadrupole beam line
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Transport in quadrupole channel

(x,0x),) = —€,& > 0.

(a) Initial correlation
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Transport in quadrupole channel

J. Ma, et al. Physical Review Accelerators and Beams 21.11 (2018):
111001.
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Transverse phase advance in quadrupole beam line
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Bunching factor

2

Ny,
b= /\/i Y el Aot g < Ao
A =1

2 — T 27

where Aoy is the optical wavelength, the sum is taken over a slice of Agpt
width, centered at the location of the ion, and N, is the total number of
electrons within that slice.
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Beam envelope in FEL-based CeC
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Dependence on ion velocity and modulator length
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Dependence on ion transverse offset
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PCA-based CeC
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Solenoid field

An example of on-axis magnetic field:

B By L/2 -z N L/2+z
T 2 \Ve- LR et 2R R

Off-axis magnetic field:

r? 1" rt 1 r mm
B, = B;o——B, B B ..
(r) :0 4 0+ 64 ZO 2304 ZO
r3 r®
B/(r) = fBI —B" — —B" ...

T 16720 " 384 70
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Lorentz transformation of the fields

B, = B, —vBcBy
E, = ~E,+BcB;
Ef = E.
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Solenoid field B,
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Solenoid field B,
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Beam envelope in PCA-based CeC
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Density modulation in PCA-based CeC
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Dependence on energy difference
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Amplification stage 1 Amplification stage 2
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Beam envelope in MBEC
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Beam envelope in MBEC
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Beam envelope in MBEC

Beta Functions and Dispersion
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Superposition principle in density modulation
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© Amplifier
@ FEL-based CeC
@ PCA-based CeC
@ MBEC-based CeC
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FEL-based CeC
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Helical undulator
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Electron motion in helical wiggler without radiation field
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Electron motion in helical wiggler without radiation field
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Energy change of electrons due to radiation field
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Resonant radiation wavelength
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Low gain
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FEL gain, no saturation
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FEL gain, saturation
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Beam envelope in FEL-based CeC
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PCA-based CeC

Hadrons Modulator Kicker
Eloctrons | — — | ——

— — —

Working principle of PCA is the plasma cascade instability (PCl).
Litvinenko, Vladimir N., et al. Physical Review Accelerators and Beams
24.1 (2021): 014402.
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Plasma oscillation

%+div(nﬁ) =0.

. 7 = 2
OB GE = dmeit — divDE = ¥ 5
ot m ot m

0% e’n, _ ov =_ O R |2

ii = on(7) - cos|w,t + @(7)];

—w,én(F) - sinfw, 1 + (7)),

n
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Varying plasma frequency

n+wh(t)i =0

’7(’1)}

| = mt)| !
00

n tl)
1 N
exp [/ D(z)]dtzléi_l’n 11 M. =my.. MM,
f W4

ordered

M(1,]t2) = exp [[llzD(t)dt]; D(1)

ordered

ordered

M, = exp[D(z,)Ar]

B cosw,(t,)At %(Z))Af
—w,(t,) sinw,(1,) At cosw,(t,)At ’
Lh—1,

At =

N t, € {t; + (n — 1)At, 1, + nAt}.
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Unstable
| TraceM| > 2
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Instability

i(nT) = ﬁ(O)’lln J;il_n

+ (mlzﬁ(O) A '”(0>) i‘l __jll__lns
i(nT) = ﬁ(())’lln J;’ll_n

(o) + 222 M) ) A

Jun Ma (BNL CAD) CeC February 2, 2023 66 /138



Instability

A(nT) = 7i(0) ’% + (mlzii(m L ~(0))
o
Ay =4
i(nT) - i(0) % + (mzlﬁ(O) + 2 *(0))
A"
A — A

Note the alternating sign when \; < —1
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Transverse Kapchinsky-Vladimirsky (KV) distribution

B e !
da(s)

a) =g

ExV = H€ms
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Beam envelope

0= (5 = Grme)
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Periodic lattice

ﬁf —kylam! —kg*a? = 0;
d? k2 a
2 SC ~ A :_> 1
d,\z gk + ( )2 gk O a ao = )
) %; sel-1,1},
b - 2 1, 2 _ e — s_l
* ﬁo }/03 IA a 2 4 a02
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Landau damping

InA Uy Voo
Kmax = To, 5 Omax — 2_l ’

In A,
o
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PCl, general 3D case

- i BB 1 Pyn(T) dr E~GI~E—ET~BT-ET
7 = [ TR 0P —snina ) [ e S e

X/ei(;(r)-ﬁ(r)—;-ﬁ([j)-i’F{)(P)dpi‘s,

where U = U” = A~'B” and

k= {keky k. } = {ky ko ks k(£) = k(0)A=1 (1)
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Periodic PCA
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Evolution of density modulation
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PCA-based CeC experiment
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CeC PCA lattice design
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CeC PCA gain
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Single particle orbit with initial offsets

. Xo=1 mm, y =0 mm, xp,=0 mrad, yp =0 mrad . X,=0 mm, y =1 mm, xp,=0 mrad, yp =0 mrad

IS

IS
s |

Transverse position, mm
Transverse position, mm

s, m

(a) xo=1 mm

X,=0 mm, y,=0 mm, xp,=1 mrad, yp,=0 mrad

N s o

o

o

Transverse position, mm
Transverse position, mm

o & A

5
@
3
@

s, m s,m

(c) x=1 mrad (d) y9=1 mrad

Jun Ma (BNL CAD) CeC uary 2, 2023 84 /138




Transverse beam position and size with initial offsets
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Sensitivity study of orbit, no offset
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Sensitivity study of orbit, with initial offset
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Sensitivity study of orbit, with initial offset
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Track a line of particles
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Transverse RMS
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G. Stupakov, and P. Baxevanis. Physical Review Accelerators and Beams
22.3 (2019): 034401.
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Interaction of charged Gaussian disk
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Interaction of charged Gaussian disk
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Interaction of charged Gaussian disk

D(x) = % [‘i—‘ - ¥exp GXZ)erfc G \x\)] |
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Plasma oscillation

dSf +ﬂ85f
ot y* 0z
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0= / dz'on(Z . )F (z—2'),

ym.c J

on(z.t) = /_m dnéf(z,n,1)
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Plasma oscillation

5fi(n.t) = f_ " dz e (2, 1),
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Plasma oscillation

85A ikC o A /
a{k + y—znfsfk + ¢(k)dnnoFo(n) = 0,

Neglect second term

574(n. 1) = 67(n. 0) — £(KynoFi(n) / dvsi (7).
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Plasma oscillation
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Integrate over 7
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Plasma oscillation
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MBEC gain

ikc _
iy, = i (0) cos(wpt) — =—06¢,(0) sin(w 1),
7wy
co, vl
ox, o, I < 1,

iy = oy (0) cos(w)t).
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MBEC gain
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MBEC gain
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MBEC gain
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@ Cooling time
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Cooling force in FEL-based CeC
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PCA-based CeC, beam current 75 A
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)

o 2 4 6 8 10 12 14 o 1 2 3 4 5 6 x10? [} 1 2 3 4 5 6
Longitudinal distance, m z (m) 10 z(m) «10°®
(a) Beam size (b) Cooing force (c) Cooing force
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PCA-based CeC, beam current 50 A

10t .10°  Energy kick at 13.88 m 1510° Energy kick at 13.88m
—x 1 : © cooling time 3.8 5.
3 8 -y \ © cooling time 2.8 5.
g 05
és _ é 05
£ ° >
g x ge
3 -0.5 5‘05
2 .
52 ;
£ Bl
% 2 4 6 8 10 12 14 o 1 2 3 4 5 6 x10? ) 1 2 3 4 5 6
Longitudinal distance, m z (m) 10 z(m) «10°®
(a) Beam size (b) Cooing force (c) Cooing force
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PCA-based CeC, ea

h field, orbit correction
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PCA-based CeC

@ Beam dynamics simulations propagate beam starting from the gun.

o Take slice parameters from beam dynamics simulations at the
entrance of modulator.
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Beam size

x1073
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Energy kick

x107°

Slice 43
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Energy kick
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Energy kick
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Energy kick
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Energy kick
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Transverse RMS si;
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10 2 E) w
Longitudinal distance, m

(a) Modulator
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MBEC cooling force

%1078 Energy kick at 34.8 m

1.2

JAC
119/138
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MBEC cooling force
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BNL RHIC

The Relativistic Heavy lon Collider at the Brookhaven National Laboratory

Absolute Polarimeter (H! jet) pC Polarimeters

\\_ ,(. —

Spin flipper

Spin R

5.9% Helical Partial
Siberian Snake E20

b

Int. Polarimeter

LimAC

Pol\ H™ Source

200 MeV Polarimeter pC Polarimeter

\ o
A20 10-25% Helical Partial Siberian Snake
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Cooling time

1 dv,

1
T, v, dt

If 7 is independent of t

T is cooling time, 1/7 is cooling rate.
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PCA-based CeC, beam current 50 A

%107 Energy kick at 13.88 m

© coolingtime 3.8 s
{ coolingtime 2.8 s

15

Energy kick
o

(a) Cooing force

x-axis z = Rsg * 0/~
y-axis Ady = f(d) = kod~y
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Averaging longitudinal cooling over synchrotron oscillation
(linear cooling force)

{J Action-angle variable: PE_hM&=\/ﬁsin9 ¢£w,f‘r=\/§cos9
‘ v, P
A . . h
Reduct‘|0n of action due Al = lA(PZ +¢2) — PAP AP = ‘77| ASy,
to cooling: L) e ¢ ] ¢
Assuming cooling force Ay =—CT & AP =—CT P
- @ is linear, 7, ==6T.0r 2 == T,
the action reduction Al =T, P*=-2I¢,T_ sin’@
beComeS c 0" rev 0~ rev
The average cooling 1/AI =
rate is given by C(I):—;<T > :505(1)
rev | 7,
5(1):l2fsin2 00 =1
27y 2
For the linear cooling force, synchrotron motion reduces the averaged cooling rate
by a factor of 2.
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lon bunch profile evolution with cooling

G. Wang. Physical Review Accelerators and Beams 22.11 (2019): 111002
1D Fokker-Planck equation

O R =) - 1 F(L 1) = (I-D([) O, f))

ot ol ol ol
=0,
(AL)
ary D(I) = =7
o) = -4y DU =177

F(I,t) is longitudinal phase space density, ((/) is cooling rate, D(/) is
diffusion coefficient.
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Fokker-Planck equation

¢ = V2Isinw,
P = —hﬂﬁ
vy p
1 2 L
H, = ECUOVSP + wyv 545 = wyv,d,
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Fokker-Planck equation

8

[ (e aran | (P )

2w oo
//Fltdldw
0 0
:N7

_p(lp 1
K(P,qﬁ,t)fF(ZP +2¢,t).

Feq(I) :Aexp{—/%dl}.
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Zero diffusion

F(Lt)—a(l)=F(1,1) =0,

¥l
gl

F(ILty=¢(D)-1-F(I1),

al)=1-¢(I).
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Zero diffusion

I,
I+1,°

IR ARSI Y I
i) =g [ —par= colnlf"p&)]’

= Lalfeof)] -

1= h_l(c) = IePIog[exp(g()C)]’

¢ = &o

Piog(x) = w™1(x) is the inverse function of w(x) = xe*
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Zero diffusion

(LY Puglexp(GOFol L P lexp(,C))
= (1 +7> T+ Prglexp(Zo0) |

N 1
FolD) = 5—exp( 7).

C t+11 ! !
=t+—In|—exp(—]|.
Z.:O Ieeple

F(IL 1) = o g<i),

2ﬂ.li0n Ie

g(n.1) = (1 + 1> Piog [nexp(§ot + )]

Z 1+ Pyog[nexp(&ot +1)]

I,
X exp <——1_ Piog[nexp(Lot + ’1)])
mon
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Zero diffusion

) 1 2 .2 1 2
pion(t,Z):krf/F(Eker —|—§P ,f)dP

22
ZpN/g(l—2+y2,r>dy,
krf — 27T//1rf
N,

PN - 2ro?

February 2, 2023 132 /138
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Zero diffusion

60
200
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40 150
LI £
< <
N & 100
20
50
10
o 0
260 40 20 0 20 40 60 60 40 20 0 20 40 60

lon profile after t = 2¢;* (left) and t = 10¢;* (right).
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Finite diffusion, numerical solution

D(r) = D(rl,)/D(0)
¢ = ¢(r’l)o
Do = D(0)/(Cole)

t = tl
- 27 lion -
R(r®) = “F(P, i)

ro= ik
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Finite diffusion, numerical solution

OR(r,1) OR(r,1) O*R(r. 1)
o Ty TP
+y(r)R(r, 1) =0,

B - Dy - DyrdD(r)
alr) = =22 ~22D(r) - 2L
plr) = =22 D(r
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Finite diffusion, numerical solution

2<j<N:
ﬁj +1 i  @j ﬁJ
R" L _J_ Rn+l
Ar2 i AT Ar Ar2+yJ
pi
J R{H—l_ JRn
+(A TAZ) N T A
j=1L
a; a;
__JRn+l_|__JRn+l:O
Ar ! Ar 2
j=N:

Py 1 y o Qy Py rn
— Ry ——— 2= |Ry' ==R}
Al N AN T TR T AR A7

Jun Ma (BNL CAD) CeC February 2, 2023 136 /138



Finite diffusion, numerical solution

= 2
<
p(z. 1) :PN/R y2+l—2,f50 dy.

Jun Ma (BNL CAD) CeC February 2, 2023 137 /138



FEL-based CeC

0.18 - . T : —— 0174 - : . —
s Initial Initial ———
1 minute cooling 5 1 minute cooling
0.16 | Reduce diffusion by 10 - 4 0.173 Reduce diffusion by 10 - -
N \ Reduce diffusion by 100 N Reduce diffusion by 100
/ Reduce diffusion by 1000 = = - - -, Reduce diffusion by 1000 - - - -
o1al / \ i 0.172 S
0171
012+ / \ g
< \ < 017
s 01 \ 1 o
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N 0.08 4 N
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& \ &
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lon profile after 1 min of cooling.
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Backup Slides
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© Appendix
@ References
@ Density modulation of moving ion
e FEL
e PCI
e PCA study
@ PCA-based CeC cooling force
@ MBEC-based CeC cooling force
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In the frame of the moving ion, the velocity distribution of the electrons is

£,(%)=n,8 (V+7,). (1)
Inserting eq. (1) into the definition of g(ii) in lecture slide 3 leads to
g(i)= nLij (¥)e ™ dv=e"", (2)
and hence the integral equati((;n for the electron density modulation becomes
7, (I o) = w,fj'[ﬁl (k.1 —Zi](t1 —1)e" gy, 3)
o
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Multiplying both sides of eq. (3) by ¢ **'yields

H, (Et) = wjj'[l?l (I?,tl)—Zie’”;‘v“" ](t1 —t)dt, (5)
with 0
A, (k,t)=i (kot)e . (6)
Taking the time derivative of eq. (5) gives
t
AR (A (Ba) -2 )

and taking the time derivative of eq. (7) leads to

H, (I?,t)+ o H, (Et) = a);Z,.e""E'ﬁO’. @)
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Assuming the inhomogeneous solution of eq. (8) takes the form
gl,inh (ié,t) = C 'eiik%tl (9)

and inserting it into eq. (8) gives

0*Z.
C=—-—+——. (10)
- (k-¥,)
Thus, the solution of eq. (8) reads
FII(E,t)zAcos(a)pt)+Bsin(wpt)+%e”m“’. (11)
o (k%)
Applying eq. (6) into eq. (11) yields
2
7, (E,t) =A™ cos(a)pt) +Be* ™ sin (a)pt) + w"iﬂz"z. (12)
o (k%)
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ll-\pplying initial condition 7, (E,O) =0 and ‘;iiil (E,O) =0 yields
t

0’Z,
A= (13)
o, —(k -vo)
and
p=_FNOL (14)

2 - 2
w, —(k ~vo)
Inserting eq. (13) and eq. (14) into eq. (12) leads to

7, (E,t) = L')z[l— e (ccs(wpt)— ik - % sin(wpt)ﬂ . (15)

2 _(F.5 4]
@, (k Y,

P
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Taking time derivative of eq. (15) yields

d ~ (7 < (7 ikt e

Enl (k,t):nl (k,t):a)pZt.e o sm(a)pt). (16)
Taking 3-D inverse Fourier transformation of eq. (16) gives

m (%,1)= w,Z, sin(copt)L3 j F R P = Zw, sin(copt)é3 (F+7,1)- (17)

Integrating eq. (17) yields the electron density perturbation in the frame of the moving ion

i, (%,1) = Zo, [sin(,4,) 5 (% +,t, ) db,. (18)
0
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Longitudinal equation of motion

In the presence of the radiation field, the longitudinal equation of motion of an

electron read

&, is the average energy of the beam.

d&é
— =—¢Ef cos(y) w=kz+k(z—ct)
dz !
d w
—y =k, +k—
dzw w v:(g)
~k,+k-o 1 +(5—5(,)i 1
v (80) dg V:
E-E
~k,+k- - a: (£-4)
K &) yf %
dP
Tz__eEe COS(W) Energy deviation:
Ty ey Detuni ter:
dz'lf = rics, etuning parameter:

Jun Ma (BNL CAD)

dy. [3

CeC

d

l

2B dy.

1 dy. d 1

dy.___ v

PE“/‘_“;{\

C=k,+k-

&

0

)
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Low Gain Regime: Pendulum Equation

dP
dz

t_/
dz

[0]
=C+——
v vic&

=—¢E0, cos(y)
= + S

P

d- L)Eewcos(y/)=0

F Y::("grl

We assume that the change of the amplitude of the radiation field, E, is negligible
and treat it as a constant over the whole interaction.

Pendulum equation:

Jun Ma (BNL CAD)

N

52
74

v +iicos(y)=0 ih=

4
&z

|//+£ +usin q/+£ =0
2 2

CeC February 2, 2023
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Low Gain Regime: Similarity to Synchrotron Oscillation

FEL I Synchrotron Oscillation
VW is the angle between the transverse velocity |
vector and the radiation field vector and hence g GFeLeVer sin(k i, 7):
ds "7 ds  C pe 4

there is no energy kick for y = /2 |

s s
B '.5
5 I3
S [
K 2
[ : [=
S i
w oz oz :
2 2 2 |
Pondermotive phase, ¥ | RF phase, @,
d&* LAY n : d*¢,
|y += |+ +=|=0 7=y s
dz-("’ S Jrisn{v+3) | T
. PeEbw |
= l[/=kz+k(Z—Ct) ! 1 evnrkohr/
Sc&, u : = =
Y:ic& | Uy =1 C  pc = k()h/fr
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Low Gain Regime: Qualitative Observation

o
o

Energy deviation
Energy deviation

The average energy of the electrons The average energy of the electrons
is right at resonant energy: is slightly above the resonant energy:

2,(1+K?) A+ K2 y=vy+4y
==t =y == [P
2y z With positive detuning, there is

net energy loss by electrons.

*Plots are taken from talk slides by Peter Schmuser.
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Low Gain Regime: Derivation of FEL Gain

Change in radiation power density (energy gain per seconds per unit area)

ATL, =cg,(E,, + AE) —ce,E2, =2c&,E,AE
. , . Energy deviation at entrance
Average change rate in electrons energy per unit beam area: .
Pondermotive phase at entrance
AIl = /0<P> *The average, <...>, is over all =
¢ e  electrons in the beam. (r

)= [dr, fdy,f (B, )P(Bpy.2)
-x 0

Assuming radiation has the same cross section area as the electron beam, we

obtain the change in electric field amplitude

ATL +ATT, =0 | ar - ——2t")

2ceE, e
dP

ext

e —eE8, cos(y)

- s

0
V&,
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Low Gain Regime: Derivation of FEL Gain

2

d- .
—y+ucosy =0
daz:

w(2)=9(0)+y O -afd feosy(2,)z, M)
0 0
Assuming that all electrons have the same energy and uniformly distributed in the

Pondermotive phase at the entrance of FEL: /=0 and f(y,)= P

The zeroth order solution for phase evolution is given by ignoring the effects from
FEL interaction:

d_[_)=_EE9.\ cos(v) d w(£)=W1) +C2

. o [T BT C= C=cl,
L= Z , A

&=t v'(0)=C

Inserting the zeroth order solution back into eq. (1) yields the 1%t order solution:

() =y, + 2+ Ayly,,2) Appo.2)= —z?j'dél}cos[zpn 05 i,
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Low Energy Regime: Derivation of FEL Gain
Az//( 0,2)5 —175 df,}cos[y/n + (A'zA:]viz"2

0 0

~ (Cz A
= _(f_,[: 1fsin(z//" +x, Jdx, - CZsin z//o} - (1—12 cos(z//(, + 6'2)— cosy, + f‘fsinw‘,]
0

1
(P)=-¢El®, <f005[1//u +C2+ Ay o,f)]ﬂf> <——  Average energy loss of electrons
0

i < foinhy, +zhin(ay( 0,2))d2> -emszu_< f;cos[% R (°~z]cos(Aw(wu,g))de>

=~eEf], <fAZ/J Y2 sm[z//o+(z}1>

_ ek, l_' l dz{(z cos(('z)fsm'lllodl//o - sm(( z)fCOS' w“d%}
0

H’/‘jdéifcosk»— +T2 }7@: !
<fcos[1/fo + (A‘z'Lin[l/r0 + ("2}/2> =0

o

21 (?

=-ek6], A—c 1 —(—sin C-cosC
(& 2
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Low Energy Regime: Derivation of FEL Gain

Growth in the amplitude of radiation field: jie & eEm,H @
A f=—F—>
jo( P 6w LE, 2 C yicymc®
AE = — Jo< ) _ b o lE,, 1-=sinC=cosC
2ceOEu,e eyly 1, c? 2 5
;- 4me me
The gain is defined as the relative growth in radiation power: 4 e
(E,, +AE) - E2, 2AE .
= % = =T f(C) As observed earlier, there is no gain if
E’. E,
ext ext the electrons has resonant energy.
A Cubic in FEL length y
2;g002w L ‘
T=—"7T7T-—
[ :005
C}/Z }/ A ~ g
: Sk
A 2 5 C . 4 N
f(C)=.—3 1-cosC——sinC 005
C 2
_> 0.1
d sinz!C/Z!
=-2— > e 10 5 0 5 10 15
dC C Normalized detuning E’
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High Gain Regime: Concept

3. Higher radiation fields leads to more density
bunching through 1 and hence closes the
positive feedback loop -> FEL instability.

1. Energy kick from radiation field +
dispersion/drift -> electron density
bunching;

6(rad) slead) e,

i

als R Y

*The plots are for illustration only. The right plot
actually shows somewhere close to saturation.

2. Electron density bunching makes more
electrons radiates coherently -> higher § 4
radiation field; Avonirancs o the uncuiaor

Saturation(maximum bunching)

—A b 2 geyE _
@ / NN S . The positive feedback loop
T AR Tncornt = N, between radiation field and
« Ny —» electron density bunching is
) i A |E| « N, the underlying mechanism
®) /\ /N \ S VAR I A2 of high gain FEL regime.
- « N
—-|Gzr— « Nyh > coherent e
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1-D Model for cold beam without
detuning

BE=(e)= 30" ble(re)- e

d w d w ; w
_B = 7 —Il/l_ - —II//P = —7 D
dz (Z) l<e dz¢> lc;/__zEO <e > lcy_,zEO (Z)
P 0. E(z)cos(y)
dz
%D = <e""' %P> —i<e‘”"P%1//> ~ <e""/’ % P> =—(e™eEf, cos(y)) = -%ee‘E
CeC February 2, 2023 156 /138
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Wave Equation

Y=kz+k(z-ct)
1-D theory and hence 9/dx =0 and 9/dy =0
24 9°4 -
Wave equation for transverse vector potential: az; = atzl =-u,j, (1)

R . iz
Transverse current perturbation: Jotij, = —(v‘. +iv, )_/: =-0e" ),
N )

We seek the solution for vector potential of the form:

A (e)= A T

Inserting eq. (2) and (3) into eq. (1) yields

- A\ 9 (4 k,
gotere-n 210 0 (A 9 (A vco-—up CO’S( W) i
c 0z{A, | 9z7| 4, -sin(k,z)|”?

2iw 9 Zmr,\. 92 ’Zm:_x u a‘ PP s
{__(N )+_[~ ]}=_OT i _ ek <J:€ ">e ”

- 2
¢ 0z A/uh_r 0z Am/ﬂ\- e

1. Ignoring fast oscillating term ~ e

(2)

2. Ignoring second derivative by assuming that the variation of Z\v'

is negligible over the optical wave length.

Jun Ma (BNL CAD) CeC
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Wave Equation

After neglecting the fast oscillation terms, we get the following relation between the
current perturbation and the vector potential of the radiation field:

d ~ 6 /. _u 9~ ucl .,

In order to relate the vector potential to the electric field, we use the Maxwell
equation: R

Vxé+§=0=>Vx(E+%)=o=[E+ﬂ]=6¢=>E\.\,=—%

at ot at ' ot
— Eeiw(:/c—l) — E_‘, +l'E_‘, - _%[(Z‘, +i2l, %iw(:/c—/)]
—E-= ia)(Zx +iZ_‘.)

Finally, the relation between the radiation field and the current modulation is obtained:

9~ ~ e
iE =i — 4. +iiA‘. _ _Clu(]g.‘ <j"e—w >= ec nu,b, B
dz 0z 0z 2 N 2
. N
<l}€‘_"/'> = —ecZ e = —ecnB
Jun Ma (BNL CAD) CeC
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1-D High Gain FEL Equation for Cold Beam and
Zero Detuning

Lp(:)=-i—2D(:) wp D poip

2
dz cyE, d53
d Do 1 O E z=Tz is normalized longitudinal location
2 along wiggler,
1/3
d *nu,0, Glol .
Lp-(top = M is the 1-D Gain rate parameter
dz 2 ey,
dme,mc’
I, =——— s called Alfven current
T3 ,
; — A=e =5ty Growing mode
HE)- 3 e Reice o CF00
= h=e =‘7+’5 +— Damping mode
h=e tmmi e Oscillating mode
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1D Gain Length

* At high gain limit, the radiation field is given by

E(é)zBle;'kf = B, exp gl"z exp[i%l‘z]

and the radiation power is A cross section of the radiation field
P(2)= 5(,c|E(2)2|A = 5()C|B||2 exp(\/gl"z)= g(,c|1'3l|2 A exp(Li)
G

and the 1-D power gain length is

Pierce Parameter

LA palle T
¢ Jar 4][\/§p w2k
. . . 2
1-D amplitude gain length is L, =2L; = hr -2 \/—p
JT
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Solution for Cold Beam with Nonzero Detuning

For non-vanishing detuning, the differential equation becomes

%E(E)+2ié%£( ) C’diE( )= iE(2)

The general solution of the ODE reads: f o e im(2,.)
2 =ZBke}‘kz 3 “..‘
A +2CH-Ch=i R N :
Reduced denune educed detue
Applying initial condition to get the coefficients
EQ0)) (1 1 1Y\B By (1 1 1\'[E®)
EQ) =4 4 4B |= B|=|4 4 Al |E(©)
£0) \7 A A5 B) \x 2 &) (£0)

For E(0)=E., and £'(0)=E"(0)=0, the solution can be explicitly written as

E()=E. Idee Aloe’ Ahne
S [CRE R R R IR M P Ry
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Low Gain Limit of High Gain Solution

Can we reproduce the previously obtained low gain solution by taking the proper limit of
the high gain solution?

( ) b0 I‘ i
E, +AEY —E2, 2AE . s oA crzr 1,
se T e 2 e f|G )= 2 4G .
& £, £ T f( /) uf/( /) ¢ =i,
< ((x )= E*-EZ, =| A:/L‘e;"."‘ . A/L‘e;”'i“ . /1,/1:9':"." |: -1 The normalization factor for
TR - AN -A) e -a A -A) T (-2 A - 4)| high gain is different from
i (A 2 that of low gain:
=2r*lﬂf,,(€,) I, =1T A L
¢, =C/iT=Cl,/l,=C/l,
(o et I e[ C G (GY,
G )=— 273 + 3 + 2 -1 A+2iL 2| L A=i
e PR |[FREV ARV R FRRVN FREVY M PRRVY FRRF N L

ﬁ,((,).f,(ﬂ) The high gain solution indeed give identical
7 =002 o solution when the undulator is shorter than
! / the gain length. But it also tell us what 015
happens if the undulator is long and hence it is
more general than the low gain solution.

710 15

fle)—"-7"

-0.15
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PCl, general 3D case

M(1)X(0); M(0)=1I4s MISM=MSM’=S;

0 I,
3 3]—>detM:1; M-! =_SMT’S:
__I3X3
‘A B D’ —BT
. M '=—SM’S= . (29)
CD _CT AT

XT — {xvyazanapyapz}a
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(BNL CAD) e February 2, 2023 163 /138



PCl, general 3D case
: 7 LY
ki = k| + Zky); keir = 4/ k1L +y_2;

keffax > 1; keff(ly > 1; ykeffaz > 1,

f(g.p.1) = F,lqg-D(t) — p-B(1), 1 + flq. p.1);
prlt) = Ef/ e *idg}dpf(q. p.1);

q=(x,v,2); p= (P, P, P,);
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PCl, general 3D case

- i BB 1 Pyn(T) dr E~GI~E—ET~BT-ET
7 = [ TR 0P —snina ) [ e S e

X/ei(;(r)-ﬁ(r)—;-ﬁ([j)-i’F{)(P)dpi‘s,

where U = U” = A~'B” and

k= {keky k. } = {ky ko ks k(£) = k(0)A=1 (1)
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75 A, sensitivity study of focusing

12 ¥10° R : : 103 : ‘ ‘
=== Proper focusing " === Proper focusing, 2e+13 Hz, gain=139
-1% focusing 1 N = = -1% focusing, 2e+13 Hz, gain=35.7
c 1 -|== +1% focusing "{ ,' \ HY % 402 == #1% focusing, 2e+13 Hz, gain=173 »v".ﬁil
D ipl I =] 4 N
N n H i 1\ = [,
Hos- A - l"““l Iy o v,,;,’-?\:'.{'/ \.i
@ Py ¥ v o0 E 10 4.,/ uf ;
Eos. % @ ,’,'l'" Py £ P 4 a‘,’
Eoa A BN N el oY
[} », -
@oa- 1 ] [ !,'.' 1 ,'.' AR 5 NI
= \ I [ -] ! L L c |
T Y ] W S’ i
0.2 - “,,'l .v' o %7 \.‘I: oS ‘
0 -2
0 2 4 6 8 10 % 2 4 6 8 10
longitudinal distance, m Propagation distance (m)
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CeC February 2, 2023 166 / 138

Jun Ma (BNL CAD)



75 A, sensitivity study of €, kv

3
4 210 .
- o
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N
®
£
04
8
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02
0
o 2 4 6 8 10 12
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(a) en,kv = Tum
p
160
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°
2120
100
<
£ %
+ 60
o
c
g 40
20
0
o 2 4 6 8 10 12 14
Frequency (Hz) 10"

(d) EnkV = Tum
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75 A, sensitivity study of €, kv

) - ) 4
° ° ]
£ 2 7
g £ 10 2 LT
o © oty /’ /'\‘ )
ol - W
n b ool ey £ Y
5 5 ~\ 3 v!
£ = H
-2 2 '
% 2 4 6 8 10 % 2 4 6 8 10
Propagation distance (m) Propagation distance (m)
(a) en,kv = Tum (b) enkv = 10um
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75 A, sensitivity study of 6E/E

10° I I 103 ' . ,
== § E/E=2e-4, 2e+13 Hz, gain= 163 == § E/E=2e-4, 1.5e+13 Hz, gain=78
= § E/E=4e-4, 2e+13 Hz, gal 4 E/E=4e-4, 1.5e+13 Hz, gai 0.2
3 - § E/E=8e-4, 20413 Hz, galn_34 #2517 8 g2} = 9E/E=Be4, 1.50+13 Hz, gain=35.9
2 2
£ £
s
£ E 10
m i =\ A
[ W g0k k
— « 10 ~,
5] ) \
£ £ “
102 102
%o 2 4 6 8 10 o 2 4 6 8 10
Propagation distance (m) Propagation distance (m)
(a) en,kv = Tum (b) enkv = 10um
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75 A, sensitivity study of [
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CeC PCA gain
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Transverse symmetry
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a,+10%, v,-10%
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PCA-based CeC

@ Beam dynamics simulations propagate beam starting from the gun.

o Take slice parameters from beam dynamics simulations at the
entrance of modulator.
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%103

== Slice 40 A
= Slice 41 R

Slice 42
== Slice 43
=== Slice 44
| |====Slice 45

Y
o

=
T

o
o]

©
n

Transverse RMS size, m
o o
N [o)]

0 2 4 6 8 10 12 14

Longitudinal distance, m

Jun Ma (BNL CAD) CeC February 2, 2023 180 /138



Beam size
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Beam size
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Energy kick
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MBEC cooling force
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MBEC cooling force
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MBEC cooling force
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MBEC cooling force
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