Transverse (Betatron) Motion

Linear betatron motion

Dispersion function of off momentum particle
Simple Lattice design considerations
Nonlinearities



What we learned:
For a distributed dipole field error:
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Where the field error is expanded in Fourier series
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Off-momentum and dispersion

For different particle energy 5=P"Po

Po

X=x;+D0 xX'=x,+D'0

n 1
Xy +K (s)x, =0, KX(S)=?—K(S)
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Extend the matrix representation to 3 by 3

cosf psind  p(1-cos0O) 1 L 1L6
For a pure dipole (K=0): M =|-Lsinf cosf  sin6 —- [0 1 6
0 0 1 0O 0 1
0<<1 ie. L<<p
cosVK/ ﬁsin\/fﬁ 0 1 0 0
For quadrupoles: M(s,s,) =| -vVK sinVK{ cosvKC 0 |—=|-1/f 1 0] e
0 0 1 0 0 1



Yichao Jing
1


753 B B /R /2 B f7/2 B B /1]
FODO cell 3 I"’I pde I"’I p I”I il
1 0 0\/1 L L6\ /1 0 0\ /1 L iL§ 1 0 0
I\I:(—;f 1 of|l0 1 # (} 1 0) (0 1 6 ) —5 1 0
0 1 0 0 1 0 0 1 0 0 1 0 0 1
L orasky oreasly
D, 2f 2f i | b,
Closed orbit condition: D, _L, L: . L22 00~ L _ L22) D,
{ 217 4f 2f 4f 8f {
0 0 1
200
1 . ¢
LO(1+ 5 sin 5) 100 =
D, = , Dp=0 50 —
sin® — [

L O
2L (1+—- o
i€ 2f)_2L1(1+sm2)

20—

10 —

ﬁmax - -

sin ® sin®P




rf dipole X"+ K(s)x =6,sinw,t Y 8(s—nC)

=—00

where 6,=ABL/Bp is the kick angle and wm is the angular frequency of the rf dipole. By
Applying Floquet transformation,

1 1 2
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where vm=wm/w0 is the modulation tune and we have relation  d(s-nC)=

thus solution can be expressed as

1N =Acosvg+Bsinvgp+n.,

Neo = i VAL,
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sin(n+v, )¢
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The discrete nature of the localized kicker generates error harmonicsn +v_ foralln €
(-o0,20). If the betatron tune is 8.8, large betatron oscillations can be generated by an rf

dipole at any of the following modulation tunes: v, =0.2,0.8, 1.2, 1.8, .. .. The localized
repetitive kicks generate sidebands around the revolution lines.



The coherent betatron motion of the beam in the presence of an rf dipole atv

v (moduol 1) with initial condition x=x"=0 s
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The lower curve shows the measured
vertical betatron oscillations at one
BPM in the IUCF Cooler resulting from
an rf dipole kicker at the betatron
frequency. The rf dipole was turned
on for 512 revolutions, and the beam
was imparted by a one-turn kicker
after another 512 revolutions. The
betatron amplitude grew linearly
during the rf knockout-on time. The
upper curve shows the fractional part
of the betatron tune obtained by
counting the phase advance in the
phase-space map using data of two
BPMs.
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2.54cm

The beam profile measured from an ionization profile monitor (IPM) at the
AGS during the adiabatic turn-on/off of an rf dipole. The beam profile
appeared to be much larger during the time that the rf dipole was on
because the profile was an integration of many coherent synchrotron

oscillations. After the rf dipole was adiabatically turned off, the beam profile
restored back to its original shape (@RHIC BNL).



Effect of quadrupole field error:

" AB " AB n"
X'+K (s)x=—>", y+K ()y=-—-"- — X'+(K,+k)X=0

Bp Bp
We assume that the transfer matrix of the unperturbed betatron can
be described b

g als) pls) )

J(s) =
) (—y(s) ~ a(s)

M,(s)=1cos®,+JsmP,, P, =2xv,

The perturbation of a thin quadrupole can be described by

N 0
s = (—k(sl)dsl 1 )

Sources of quadrupole field error:

(1) quadrupole and (2) closed orbit in sextupoles



Betatron tune shift

The transfer matrix of the one-turn map is M(s,)=M,(s,)m(s,)

cos®, +a, smP, - B, sm P k(s,)ds, S, snd,
M(s,) =
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1 1 1
AD =— fik(s))ds,, AV =—pk(s)ds, Av= _fﬁlk(51)d51
2 47 4

The betatron tune of the accelerator is changed by the
qguadrupole field error.



The betatron amplitude function is also changed by the quadrupole
field error. The betatron amplitude function can be obtained by a

one-turn map, i.e.
M(s,) =M (s, + C, s )m(s,)M(s,,s,)
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- - % k(s,)ds, 3,8,(cos 2v, (77 + ¢, — §,) — cos 27zv, )
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For a distributed quadrupole field error, the perturbation to the
betatron amplitude function becomes
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Note that the betatron amplitude function diverges when the betatron tune is
integer or half-integer!
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Schematic plot of a particle trajectory at a half-integer betatron tune resulting
from an error quadrupole kick p, = B,AX’ = -B,X/f, where f is the focal length, X is
the displacement from the quadrupole center, and B, is the betatron amplitude
function at the quadrupole. The quadrupole kick is proportional to the
displacement X. At a half-integer betatron tune, the betatron coordinate changes
sign in each consecutive revolution and the kick angles coherently add in each
revolution to produce unstable particle motion.



An accelerator with circumference 360 m 1s made of 18 FODO

By
cells. The betatron tunes of the synchrotron are v,=4.8 and B Z
v,=4.8 respectively. If one of the 36 dipoles has an error of 1%, fx
estimate the maximum closed orbit deviation from the designed
bit. .
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Using the data, we estimate the maximum closed orbit to be about 37 mm.
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The betatron amplitude function diverges at an integer or half-
integerthe betatron tune! We expand the perturbation as
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Effect of IP6 Correction
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Betabeat Can you spot the locations of quadrupole error?
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What can you say about the betabeat?




+2% and -2% errors with phase advance about 2pi
Qx =4.406299 Qy =4.391029 18FODO cells
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What happens if the —2% is changed to +2%?
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Example of one quadrupole error in FODO cell lattice
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Perturbation of betatron amplitude functions vs ¢ (either ¢, or ¢,) resulting from
1% decrease in gradient strength of the 10th focusing quadrupole. The betatron
amplitude function perturbation is dominated by harmonics nearest [2v,] and
[2v,]. Since BX/By~6.37 at the focusing quadrupole location, the resulting error
ABx/Bx is about 6.37ABy/By. A single kick at the error quadrupole location can be
identified in the top 2 plots. The bottom plot shows the effect of quadrupole error
on dispersion function shown as AD,/Vp, vs ¢=¢,. A single kick at the error
guadrupole location is visible to the dispersion closed orbit.



. . 1
Applications of quadrupole error AV = = f B k(s,)ds,

1. Betatron amplitude function measurement

Av

B AR v

0.275 dy, - The horizontal and vertical tunes,
i . determined by the FFT spectrum

O‘%Oji Ox E of the betatron oscillations, vs

0225 [ E quadrupole field strength. The

0.200 [ B slope can be used to determine

: . | 7 theaverage betatron amplitude
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COMBO DAC function in a quadrupole.

The fractional parts of betatron tunes were g,=4-v, and q,=5-v,. The experimental
result of fractional horizontal tune appeared to “increase” with the strength of the
guadrupole.

Q: Is the quadrupole focusing or defocusing? At this location, what can you say
about the betatron amplitude functions?

2. Tune jump AV = _Eﬁﬁl =70 ds,



