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Lets consider an analytical (integrable) function , which is limited in all phase space and 
goes to zero with all it derivatives at the infinity (i.e. we use a finite system): 

 

We should keep in mind that  can be a distribution function and these properties are natural 
for finite system with finite energy:  Multiplying 

(17-2) by  and integrating it give us: 

   (17-3) 

 can be expanded into Taylor series: 

 

(summation is assumed on repeated indexes) 

(17-4) 
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Vlasov equation and collective effects. 
While Fokker-Plank equation is an important tool in many areas of physics, a reduced version of 
it, Vlasov equation, is one of the most important tools in accelerator and plasma physics. In 
contrast with the Fokker-Plank equation, Vlasov equation does not take into account random 
processes, such as quantum fluctuations of spontaneous radiation or particle’s scattering on each 
other. Nevertheless, it is one of most useful tools for studying instabilities of beams, including 
one called Free Electron Laser.  

Later in this course we will discuss collective effects, or in other words, the action of the beam’s 
particles on each other. It can be through repelling each other (the same charges), inducing EM 
wave in surrounding environment (wake-fields in vacuum chambers, RF cavities, FELs) or effect 
of collective radiation (such as coherent synchrotron radiation).  

   
Fig. 17-3 A couple picture of wakefield generated by charged particles 
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Smoothing (17-27) out by using a space volume  containing large number of particles 
 should allow us to introduce the distribution function: 

.   (17-28) 

This immediately introduces the scale at which Vlasov equation is violated. While at the typical 
beam size  scale there is a huge number of particles, at a typical distance between particles 

 they scatter on each other. Hence, according detailed (and non-trivial) studies there 

should be a scale , when the scattering can be neglected,  

 

and Vlasov equation can be used. We will assume the following: 

1. The local interaction of the particles in small volume dV2n is negligible compared with their 
interaction with the rest of the ensemble; 

2. The system is Hamiltonian, i.e. dissipation is absent; 

3. The consequence of 1) is that we neglect scattering processes between the particles! It is 
important – otherwise we could not say that number of particles in the phase space volume 
stays constant. We discussed such Markov processes when we were deriving the Fokker-
Plank equation.  

ΔV2n

ΔNp >> 1

f = f (X, s) : dNp = f (X, s)dX 2n ≡ f (X, s)dV2n

σ
δ l ~σ / Np

3

L
δ l << L <<σ



20



21



What we learned today

• We derived famous Fokker-Plank equation assuming a 
stochastic/probability driven process

• We identify two main components in this equation: averaged 
“motion” and “diffusion”

• We found solution for problem we left last class without answer: 
what would be distribution of particles under influence of 
synchrotron radiation? 

• Today we reduced is to product of Gaussian distribution for eigen 
oscillator amplitudes while finding that phases are random and 
evenly distributed

• Using conservation of phase space volume we derived Vlasov 
equations, which describing evolution of particle’s distribution 
function in absence of random process such as scattering or 
spontaneous radiation
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