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This expression is especially beautiful for 1D case when because matrix is just a 2x2 
block itself: 

     

where we can use specific expression for Q 

  

and you can directly show that . Using traditional definitions of α,β,γ functions 
introduced by Courant and Snider we can rewrite (38) in form you would find in standard 
accelerator books: 

   (38) 

Ik
⎡
⎣
⎤
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⎣
⎤
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T= Icosµ+J sinµ;

E=Q ⋅I ⋅Q−1 = I;J=−Q ⋅S ⋅SQTS=Q ⋅QT ⋅S
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⎥
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T = Icosµ + J sinµ; J =
α β
−γ −α

⎛

⎝

⎜⎜⎜⎜⎜

⎞

⎠

⎟⎟⎟⎟⎟⎟
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1+α2

β
.
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Now we are ready to make use of our parameterization: 

Xo = Re akYk s( )eiψ k s( )

k=1

n

∑ ≡

ak Rk s( )cos ψ k s( ) +ϕk( )−Qk s( )sin ψ k s( ) +ϕk( )( )
k=1

n

∑ ; ak = ak eiϕk ;

 (39) 

with 2n constants of motion coming in pairs of amplitude and phased of 
ociallator {ak ,ϕk },k = 1,...,n . Starting from this point we will use real 

amplitudes ak → ak  and separate phase explicitly: ak → ak eiϕk . 
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Symplectic transformation is a Canonical transformation.  
 
 
 
Let us now, again, demonstrate that symplectic transformation  

.  (40) 

is Canonical. Beginning from a Hamiltonian composed of two parts, a linear part and an 
arbitrary one  

.    (41) 

The equation of motion  

.    (42) 

becomes with substitution (40) 

.  (43) 

equivalent to the equations of motion with the new Hamiltonian:  

. (44) 

� 

X(s) ⇒ ˜ X (s)

 X(s) = V s( ) !X,   ′V s( ) = SH s( )V s( ) ↔ VTSV = S;

  

� 

H = 1
2

XTH s( )X + H 1 (X,s)

  

� 

dX
ds

= S ⋅ ∂H
∂X

= SH s( ) ⋅ X + S ⋅ ∂H 1

∂X

  

� 

V ˜ X ( )′ = SHV ⋅ ˜ X + V ˜ ′ X = SH s( ) ⋅V ˜ X + S ⋅ ∂H 1

∂X
⇒ V ˜ ′ X = S ⋅ ∂H 1

∂X

  

� 

H 1 (V ˜ X ,s)

  

� 

˜ ′ X = V−1S ⋅ ∂H 1

∂X
; ∂
∂X

= V−1T ∂
∂ ˜ X 

⇒ ˜ ′ X = V−1SV−1T( ) ⋅ ∂H 1

∂ ˜ X 
⇒ ˜ ′ X = S ⋅ ∂H 1

∂ ˜ X 

I decided to “spice” your home-works and your online classes by offering STAR problem (#12) to prove 
that any Canonical is locally symplectic and any locally symplectic transformation is Canonical. It offers 
you a possibility to deep into Hamiltonian mechanics and increase 5-fold score for this problem by 
offering your own original solution…  Here I am using a “short-cut”  for a specific (not a general) case.
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This result (even though expected) has long-lasting consequences – the trivial (linear) 
part in the Hamiltonian can be removed from equations of motion, so allowing one to use 
this in perturbation theory or at least to focus only on non-trivial part of the motion. But 
by design for a linear Hamiltonian system,  

   (51) 

= const. It means that 

    (52) 

It means that equation of motion for a linear s-dependent Hamiltonian system are reduced 
to a set of constant: amplitudes and phases of oscillations:  

  (53) 

What it important to note that  is an adiabatic invariant of an oscillator, e.g. is the 
phase space area of the covered by oscillator divided by π. We can call it “particle’s 
emittance” in the k-th mode. 

H L = 1
2

hij (s)xi
i=1

2n

∑
i=1

2n

∑ x j ≡
1
2

XT ⋅H(s) ⋅X

AT

 

∂F q, !q, s( )
∂s

= −H L

ϕk = const; Ik = ak
2

2
= const; k = 1,2...,n

Ik
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What we learned today
• We expanded parameterization of linear motion from complex 

notation real number notation – naturally the resulting motion is the 
same

• We proved that symplectic transformation is equivalent to a 
Canonical transformation

• If transformation matrix is a solution of linear Hamiltonian system 
XTHX/2, than this Canonical transform removes the XTHX/2 from 
the Hamiltonian

• We defined two sets of oscillator coordinates and momenta and 
showed that this transformation is Canonical

• Than we made transformation to action-angle variables, which 
comprise Canonical pairs 

• Using variables will allow us to study a number of phenomena 
using perturbation methods – next class will be devoted to this
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qk = ϕk; pk ≡ Ik = a2
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