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Accelerator with constant energy – closed orbit. 
One of the most used approximations (and simplification) is coming from the fact that in the 
most of the accelerators (especially in storage rings) longitudinal (or so called synchrotron) 
oscillations are very slow, when compared with transverse (or so called betatron) oscillations. 
Specifically, in most of typical storage rings it takes from few hundreds to few thousands of 
turns to complete one oscillation. Furthermore, in hadron storage ring, where losses on 
synchrotron are practically absent, one can operate beam in so-called coasting mode – e.g. 
without any AC fields. Thus, let’s consider such an accelerator and study how particles motion 
depends on their energy (momentum ) and explicitly no time dependence.  

    (11-21) 

Since the energy of the particle is constant but time is slipping: 
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Synchrotron oscillations – first look. 
Here we will assume that longitudinal oscillations (if stable) are slow. Let’s initially introduce 
longitudinal field 

 

and see how it affects betatron oscillations.  
What is interesting, that we can formally separate dependence on the energy from betatron 
oscillations using a Canonical transformation:  

   (11-30) 

while we can prove that matrix of such transformation is symplectic, it is also very easy to do 
using a generation function noticing that  is not changing during the transformation 
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In new coordinates (we will drop the  index for compactness. Let’s consider that there is no 

betatron oscillations. Brining all terms together, we would arrive a longitudinal Hamiltonian 

    (11-32) 

which can be solved in a traditional manner. But since the oscillations assumed to be very slow, 

we can average the Hamiltonian to  

     (11-33) 

with stable solution when  and simple oscillator solution: 

   (11-34) 

This solution is an approximation – beware of this.  
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What we learned today
• We can  continue with exact description and parameterization of linear 

motion in accelerator to 3D
• While equations become more evolved, we still have analytical expressions 

for the eigen values and can use Sylvester formulae for calculating matrices 
of any element in accelerator

• Since expressions are becoming cumbersome, letting computers to do 
accurate step-by-step job is a good idea

• Stability of the periodic system or one turn matrix in accelerator has the 
same appearance, but with less obvious connections to the matrix elements 
– expressions are just too long

• We made a first look into an approximate description – typical for 
accelerator books – of slow synchrotron oscillations in storage rings.       
We will continue this in next class..
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