PHY 554

Fundamentals of Accelerator Physics

Lecture 8: Quadrupole Errors and Beta Beat
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From quadrupole errors to tune shift, beta beating and correction



What we learned:
For a distributed dipole field error:

X (5) = 2E2 OB o= 9~y (5) 19965 =5,

2sinsTv
VA(S)
zsmmz*/ﬁ“ )6, coslav=[y(s) =y (s,) [

Closed orbit conditions (start from x=x"=0):

Xm(sf} =0, er{sf) =0
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Injection/extraction channel:
unperturbed closed orbit xc/bumped
orbit xb/incoming beam orbit xk
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Off-momentum and dispersion

For different particle energy 6=L"Po A\
Po .o\
X=X,+ DO x'=x,+D'0
|

X, +K (s)x, =0, K (s) = rh K(s)

1
() = Mo () + ()
)

D" +K (s)D =—

0

Extend the matrix representation to 3 by 3
D(s» M(s9)s1) d D(s1)
D(s:) | = (1 0) | )

1 1
cosf psinf  p(l1-cosf) 1 L {L6
For a pure dipole (K=0): M =|-1isinf cos®  sinf - |0 1 @
0 0 1 0 0 1
0<<l ie. L<<p
cosv K/ < sin VK¢ 0 1 0 0
For quadrupoles: M(s,s,) = ~JK sinvVK¢ cosVK ! 0|— [ lf 1 0] S:::;:?i "
0 0 1 0 0 1
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Effect of quadrupole field error:

" &B‘ﬁ " AB I
X+K (x=—", y+K (s)y=——2 — X'+(K,+k)X=0

Bp Bp
We assume that the transfer matrix of the unperturbed betatron can
be described b

) a(s)  Bs) )

-y(s) —a(s)

. J(s)=
M,(s)=1cos®,+Jsm®P,, P, =2xv,

The perturbation of a thin quadrupole can be described by

o-f! 0
e _(—k(s,)ds*l 1)

Sources of quadrupole field error:

(1) quadrupole and (2) closed orbit in sextupoles

Dipole error changes orbit; quadrupole error changes the optics.



Betatron tune shift

The transfer matrix of the one-turn map is M(s,)=M(s;)m(s,)

M(s,) =

cosD, +a,sm®P, - S smD k(s,)ds, p,smd,
-y, sm®P, —[cosD, +, snD, |k(s,)ds, cosP,—a,smd,

I |
cosP =cosP, — Eﬁ'k(sl )ds, sm D,

1 1 1
AD =— [ k(s)ds,, Av=—pk(s)ds,, Av=— f Pk (s,)ds,
2 4 4

The betatron tune of the accelerator is changed by the
guadrupole field error.

In reality, this is how beta functions are measured -- tune response.



The betatron amplitude function is also changed by the quadrupole
field error. The betatron amplitude function can be obtained by a

one-turn map, i.e.
M(s,)=M (s, +C,s, )m(s,)M(s,,s,)

AIM(s,) ], = —k(s,)ds, B, B, sinv, (¢, - ¢,)sinv, (27 + 6, - )
-- %k(ﬂ, )ds, B, B, (cos 2v, (7 + ¢, — @) — cos 2v, )
A[M(s,)], = A, sin®|= AB, sin @, + 3, cos D AD
= AB,sin®, + %p’,k(s, )ds, 3, cos D,

AB, 1

ol 2sin®,
For a distributed quadrupole field error, the perturbation to the
betatron amplitude function becomes

ABGs) 1% )
p(s) - 2sin®, !dglﬂlk(s‘)coszvﬁ(”""?{’z %)

ﬁ]k (31 )dgl COSZV{] (5’7 + ¢’2 - ‘?)1)

Beta beating means the lattice from model is not the lattice the beam sees
with errors.



Schematic plot of a particle trajectory at a half-integer betatron tune resulting
from an error quadrupole kick py = ByAX' = =ByX/f, where f is the focal length, X is
the displacement from the quadrupole center, and B, is the betatron amplitude
function at the quadrupole. The quadrupole kick is proportional to the
displacement X. At a half-integer betatron tune, the betatron coordinate changes
sign in each consecutive revolution and the kick angles coherently add in each
revolution to produce unstable particle motion.



What can the beta beat pattern tell us?
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What happens if the —2% is changed to +2%?
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Applications of quadrupole error

1. Betatron amplitude function measurement
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1
Av = Efﬁlk(sl)df,

(p.)-x3

The horizontal and vertical tunes,
determined by the FFT spectrum
of the betatron oscillations, vs
guadrupole field strength. The
slope can be used to determine
the average betatron amplitude
function in a quadrupole.

The fractional parts of betatron tunes were q,=4-v, and q,=5-v,. The experimental
result of fractional horizontal tune appeared to “increase” with the strength of the

quadrupole.

Q: Is the quadrupole focusing or defocusing? At this location, what can you say

about the betatron amplitude functions?

2. Tune jump
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Homework #3: Lab report Ill, due next Wednesday 9/30/26

Use the Elegant files from Lab |. Answer following questions (30 pts, each 6):

1.

In .ele file, modify it to include energy spread (use 1e-3), calculate beam size
again. Compare the beam size with your expectation with formula in class, do
they agree (any single location will work)?

Install closed_orbit module in .ele file, re-run Elegant and check what are the
closed orbit (x, y columns) for base lattice. Introduce a 0.01 rad dipole error
(element "HKICK") at the beginning of the lattice, now check what are the
closed orbit again.

Do the closed orbit agree with your expectation (comparing at the kick
location is sufficient)? Why? Try again with 0.001 rad error, how about now?
Can you explain why you see the difference?

Now return to base lattice. Change first quad’s k1 by 0.05 unit: 1/m”2. What
are the tune changes? Do they agree with your estimation?

Now try change k1 by 0.001 unit from base value. Compare again what are
the tune changes, do they agree better? Why?
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