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A
ction

-an
gle variab

les
T
h
e action

 an
gle variab

le (J, Φ
) is d

efin
ed

 as:

w
h
ere (α,β,γ) are Tw

iss
p
aram

eters. 
T
h
e action

 an
gle variab

le is very im
p
ortan

t for lin
ear b

eam
 d

yn
am

ics. A
s 

w
e all kn

ow
, for lin

ear d
yn

am
ics, it h

as p
rop

erties

u
sin

g a gen
eratin

g fu
n
ction

an
d
 th

e H
am

ilton
ian

 red
u
ces to                  n

ote th
is H

 is s d
ep

en
d
en

t!  

2J
z =

γ
z z
2+
2α

z zz'+
β
z z' 2,

tanφ
z =

−α
z −
β
z z'z

dJ
z

ds
=
0,

dφ
z

s
=
1β
z

H
=
J
z

β
z

F
1 (z,φ

z )=
−
z
2

2β
z (tanφ

x +
α
x )

N
onlinear	dynam

ics



Treatm
en

ts of n
on

lin
earities

A
 n

u
m

b
er of p

ow
erfu

l tools for an
alysis of n

on
lin

ear system
s can

 b
e 

d
evelop

ed
 from

 H
am

ilton
ian

 m
ech

an
ics to d

escrib
e th

e m
otion

 for a 
p
article m

ovin
g th

rou
gh

 a com
p
on

en
t in

 an
 accelerator 

b
eam

lin
e:(tru

n
cated

) p
ow

er series; Lie tran
sform

; (im
p
licit) gen

eratin
g 

fu
n
ction

.

H
am

ilton
ian

 is u
su

ally n
ot in

tegrab
le. H

ow
ever, if th

e H
am

ilton
ian

 can
 b

e 
w

ritten
 as a su

m
 of in

tegrab
le

term
s, an

 exp
licit sym

p
lectic

in
tegrator th

at 
is accu

rate to som
e sp

ecified
 ord

er can
 b

e con
stru

cted
 to solve th

e 
system

.

For a storage rin
g, W

e m
ain

ly d
iscu

ss tw
o ap

p
roach

es to an
alyze n

on
lin

ear 
d
yn

am
ics:

1
.

C
an

on
ical p

ertu
rb

ation
 m

eth
od

 w
h
ere n

on
lin

ear term
s are treated

 as 
p
ertu

rb
ation

 to th
e lin

ear H
am

ilton
ian

 (m
ay n

ot give correct p
ictu

res 
w

h
en

 n
on

lin
ear m

agn
ets are stron

g)
2
.

N
orm

al form
 an

alysis, b
ased

 on
 Lie tran

sform
ation

 of th
e on

e-tu
rn

 m
ap

 
(esp

ecially u
sefu

l w
h
en

 d
ealin

g w
ith

 reson
an

ce d
rivin

g term
s an

d
 

d
yn

am
ic ap

ertu
re p

rob
lem

s)
N
onlinear	dynam

ics



P
ertu

rb
ation

 treatm
en

t
T
h
e H

am
ilton

ian
 for a lin

ear system
 in

 action
 an

gle variab
le (J, Φ

):

th
e n

on
lin

ear elem
en

ts’ con
trib

u
tion

 can
 b

e w
ritten

 as 

w
h
ere ε

is a sm
all p

aram
eter. P

lease n
ote th

at th
e p

ertu
rb

ation
 V

 from
 

n
on

lin
ear elem

en
t is also a p

eriod
ic fu

n
ction

 of th
e circu

m
feren

ce L. T
h
u
s 

it is u
su

ally con
ven

ien
t to exp

ress it in
 term

s of a su
m

 over d
ifferen

t 
ord

ers:

an
d
 treat th

em
 ord

er b
y ord

er (m
 b

ein
g th

e ord
er of n

on
lin

ear term
).

V
(φ,J,s)=

V
m (J,s)e

im
φ

m ∑ H
=
ν
J

H
=
νJ

+
εV
(φ,J,s)=

H
0 +
εV
(φ,J,s)

N
onlinear	dynam

ics



P
ertu

rb
ation

 treatm
en

t for 
q
u
ad

ru
p
ole

error
Lets first ap

p
ly it to th

e lin
ear case (takin

g a q
u
ad

ru
p
ole

error as an
 

exam
p
le). A

ssu
m

e w
e h

ave a sm
all q

u
ad

ru
p
ole

field
 error k(s), th

e 
H

am
ilton

ian
 (for h

orizon
tal m

otion
) read

s:

If tran
sform

ed
 in

to action
 an

gle variab
les, it read

s:  

th
u
s th

e term
 H

0
(in

d
ep

en
d
en

t of Φ
) is

an
d
 th

e tu
n
e b

ecom
es

T
h
e ch

an
ge of tu

n
e

H
=
12
x' 2+

K
x x

2
(

) +
k(s)x

2

2

H
=

Jβ(s) +
12
k(s)β(s)J(1

+
cos2Φ

)=
H
0 +
12
k(s)β(s)Jcos2Φ

x
=
2β(s)J

cosΦ

H
0
=

Jβ(s) +
12
k(s)β(s)J

ν
=
12π

dHdJ
ds
=

∫
12π

1β(s) +
12
k(s)β(s)

"# $
%& ' ds

∫

Δ
ν
=
14π

k(s)β(s)ds
∫

✔

N
onlinear	dynam

ics



P
ertu

rb
ation

 treatm
en

t for 
sextu

p
ole

T
h
e H

am
ilton

ian
 (in

 orb
it an

gle θ) can
 b

e w
ritten

 as

w
h
ere G

’s d
rive th

e corresp
on

d
en

t reson
an

ces an
d
 …

 d
rives p

aram
etric 

reson
an

ce 

H
=
ν
x J

x +
ν
y J

y +
G
3,0,l J

x 3/2cos(3φ
x −
lθ)

l
∑

+
G
1,2,l J

x 1/2J
y cos(φ

x +
2φ

y −
lθ)+

l
∑

G
1,−2,l J

x J
y 1/2cos(φ

x −
2φ

y −
lθ)

l
∑

+…

ν
x =

l

N
onlinear	dynam

ics



R
eson

an
ce lin

es in
 tu

n
e sp

ace

v
x

v
y

v
x

v
y

U
p
 to 4

th
ord

er

U
p
 to 8

th
ord

er



N
onlinear	dynam

ics

Fixed
 p

oin
ts an

d
 sep

aratrix
S
tab

le an
d
 u

n
stab

le fixed
 p

oin
ts are th

e p
oin

ts in
 p

h
ase sp

ace w
h
ere 

p
article can

 stay th
ere in

d
efin

itely (w
ith

ou
t an

y p
ertu

rb
ation

). C
on

sid
erin

g 
th

e m
od

e              , w
ith

 gen
eratin

g fu
n
ction

T
h
e H

am
ilton

ian
 b

ecom
es

S
olve for u

n
stab

le fixed
 p

oin
ts

G
ives 3

 solu
tion

s

U
FP

s d
efin

e sep
aratrix

(th
e b

ou
n
d
ary of stab

le region
)

3ν
x
=
l

F
2
=
(φ

x −
l3 θ)J

φ
=
φ
x −

l3 θ,
J
=
J
x

H
=
δJ

+
G
3,0,l J

3/2cos3φ,
δ
=
ν
x −

l3
dJdθ

=
dφdθ

=
0

p
roxim

ity

J
U
FP
1/2

=
2δ3G

φ
U
FP
=
0,±2π

/3,
if

δ
/G

<
0

φ
U
FP
=
±π
/3,π

if
δ
/G

>
0

Triangle changes d
irection w

hen 
at d

ifferent sid
es of resonance



Trackin
g of sextu

p
ole

If sextu
p
ole

can
 b

e treated
 as th

in
 len

gth
 (u

su
ally tru

e w
ith

 large rad
iu

s R
), 

th
e trackin

g of a p
article d

yn
am

ics in
 existen

ce of sextu
p
ole

m
agn

ets can
 

b
e treated

 as a on
e tu

rn
 m

ap
 an

d
 an

 in
stan

tan
eou

s kick. S
tartin

g from
 

H
ill’s eq

u
ation

T
h
e ch

an
ge in

 th
e d

erivatives of coord
in

ates can
 b

e w
ritten

 as

G
iven

 th
e in

itial p
article d

istrib
u
tion

, th
e P

oin
care m

ap
s can

 b
e ob

tain
ed

 
b
y lon

g term
 trackin

g ap
p
lyin

g th
e on

e tu
rn

 m
ap

 an
d
 in

stan
t kick in

 x’,y’. 

xy
s

S
y

s
K

y
y

x
s

S
x

s
K

x
y

x
)

(
)

(
      

),
)(

(
2 1

)
(

2
2

−
=

+ ʹ́
−

=
+ ʹ́

∫
∫

−
=

−
= ʹ

Δ
−

=
−

= ʹ
Δ

xy
S

xyds
s

S
y

y
x

S
ds

y
x

s
S

x
)

(
      
,)

(
2 1

)
)(

(
2 1

2
2

2
2
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xy
s

S
y

s
K

y
y

x
s

S
x

s
K

x
y

x
)

(
)

(
      

),
)(

(
2 1

)
(

2
2

−
=

+ ′′
−

=
+ ′′

∫
∫

−
=

−
= ′

∆
−

=
−

= ′
∆

xy
S

xyds
s

S
y

y
x

S
ds

y
x

s
S

x
)

(
      
,)

(
2 1

)
)(

(
2 1

2
2

2
2

T
h

u
s p

a
rticle

 m
o

tio
n

 in
 e

xiste
n

ce
 o

f se
xtu

p
o

le
 fie

ld
s ca

n
 b

e
 tra

cke
d

 th
ru

 a
 

co
m

b
in

a
tio

n
 o

f lin
e

a
r tra

n
sfe

r m
a

p
 M

(s
1 ,s

2 ) a
n

d
 a

 lo
ca

l k
ick

 in
 th

e
 x

’ w
h

ich
 is 

p
ro

p
o

rtio
n

a
l to

 th
e

 in
te

g
ra

te
d

 se
xtu

p
o

le
 fie

ld
 stre

n
g

th
.  

N
o

rm
a

lize
d

 p
h

a
se

 sp
a

ce
 p

lo
ts a

t a
 tu

n
e

 b
e

lo
w

 (le
ft) a

n
d

 a
b

o
ve

 (rig
h

t) a
 th

ird
 o

rd
e

r 

re
so

n
a

n
ce

 d
rive

n
 b

y
 a

 sin
g

le
 se

xtu
p

o
le

 m
a

g
n

e
t. Fo

u
r p

a
rticle

s w
ith

 va
rio

u
s in

itia
l  

a
ctio

n
s w

e
re

 u
se

d
 in

 th
e

 tra
ck

in
g

. T
h

e
 in

te
g

ra
te

d
 se

xtu
p

o
le

 stre
n

g
th

 is S
 =

 0
.5

 m
-2 

w
ith

 la
ttice

 p
a

ra
m

e
te

rs β
x  =

 2
0

 m
 a

n
d

 α
x  =

 0
.   



S
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p
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O
u
tlin

e
Ø

H
am

ilton
ian

 &
 sym

p
lecticn

ess

Ø
N

u
m

erical in
tegrator an

d
 sym

p
lectic

in
tegration

Ø
A

p
p
lication

 to accelerator b
eam

 d
yn

am
ics

Ø
A

ccu
racy an

d
 in

tegration
 ord

er

S
ym

plectic
integration



H
am

ilton
ian

 d
yn

am
ics

In
 accelerator, p

articles’ m
otion

 is p
red

icted
 b

y H
am

ilton
’s eq

u
ation

s

or it can
 b

e w
ritten

 in
 a com

p
act form

T
h
e solu

tion
 is a tran

sform
ation

 m
ap

p
in

g (flow
)

or for sim
p
licity 

in
 m

atrix rep
resen

tation
, th

e m
ap

 A
 is a 2

n
 b

y 2
n
 m

atrix.

dqdt
=
∂H∂p
,

dpdt
=
−
∂H∂q

q=
∇

p H
(p,q),

p
=
−∇

q H
(p,q)

or

z=
J∇

z H
(z)

z
≡
(p,q)

J
≡

0
I

−I
0

#$ %
&' (

p,q
(

) =
A
t,H (p

0 ,q
0 )

z
=
A(z

0 )

S
ym

plectic
integration



S
ym

p
lecticn

ess
A

.
H

am
ilton

’s eq
u
ation

s p
red

ict th
e evolu

tion
 of p

h
ase sp

ace.

B
.

C
an

on
ical tran

sform
ation

 A
 p

reserves th
e form

 of H
am

ilton
’s 

eq
u
ation

s. 

C
.

Tran
sform

ation
 A

 is can
on

ical if an
d
 on

ly if it satisfies th
e relation

an
d
 w

e call th
is tran

sform
ation

 A
 sym

p
lectic

P
roof. H

am
ilton

’s eq
u
ation

 can
 b

e exp
ressed

 as

if w
e h

ave tran
sform

ation
 

if                        i.e. sym
p
lectic

A
TJA

=
J

x
=
J
∂H∂x

y
=
y(x)

y=
AJA

T
∂H∂y

=
J
∂H∂y

A
TJA

=
J

detA
=
1

S
ym

plectic
integration



P
reservation

 of area
S
ym

p
lecticn

ess
is eq

u
ivalen

t to th
e p

reservation
 of area. 

In
 a 2

d
(d

=
1
) sp

ace, th
e area of a p

arallelogram
 is d

efin
ed

 as th
e 

m
agn

itu
d
e of th

e w
ed

ge p
rod

u
ct 

W
h
ile for a tran

sform
ation

 

w
e h

ave

w
ed

ge p
rod

u
cts are an

ticom
m

u
tative

dp
∧
dq

z
=
A(z

0 )

dp
=
∂p
∂p

0 dp
0 +

∂p
∂q

0 dq
0 ,

dq
=
∂q∂p
0 dp

0 +
∂q
∂q

0 dq
0

dp
∧
dq

=
∂p
∂p

0

∂q
∂q

0 dp
0 ∧
dq

0 +
∂p
∂q

0

∂q
∂p

0 dq
0 ∧
dp

0

dp
∧
dq

=
−dq

∧
dp

dp
∧
dq

=
∂p
∂p

0

∂q
∂q

0 dp
0 ∧
dq

0 −
∂p
∂q

0

∂q
∂p

0 dp
0 ∧
dq

0
=
detA

*dp
0 ∧
dq

0
=
dp

0 ∧
dq

0

S
ym

plectic
integration



P
reservation

 of area
T
h
e area of a p

arallelogram
 (w

ith
 sid

es η
an

d
 ξ) is given

 b
y η

TJξ. 

T
h
e area of a tran

sform
ed

 p
arallelogram

 (w
ith

 sid
es Aη

an
d
 Aξ) is 

η
TA

TJAξ=
η

TJξ, if an
d
 on

ly if A
 is sym

p
lectic

T
h
e sym

p
lecticn

ess
for a m

ore gen
eral case (w

ith
 d

>
1
) can

 b
e w

ritten
 as

A
TJA

=
J

dp
1∧
dq

1+
+
dp

d∧
dq

d
=
dp

0 1∧
dq

0 1+
+
dp

0 d∧
dq

0 d
C

on
servation

 of volu
m

n
(Liou

ville’s
th

eorem
)

S
ym

plectic
integration



N
u
m

erical in
tegrators

A
 system

 w
ith

 d
ifferen

tial eq
u
ation

s

can
 u

su
ally b

e solved
 u

sin
g in

tegration
 m

eth
od

 w
ith

 in
fin

itesim
al 

in
tegration

 step
s Δt=

h
 in

 each
 iteration

. For H
am

ilton
’s eq

u
ation

s,

Euler(nonsym
plectic)

Euler(sym
plectic, 1

st)

Im
plicit m

idpoint(sym
plectic, 2

nd)

x
n+1 =

x
n +

hJ∇
H
(x

n ),
x
n+1 =

x
n +

hJ∇
H
(x

n+1 )

x
=
f(t,x)

exp
licit                      im

p
licit

p
n+1 =

p
n −

h∇
q H
(p

n ,q
n+1 ),

q
n+1 =

q
n +

h∇
q H
(p

n ,q
n+1 )

x
=
(p,q)

x
n+1 =

x
n +

hJ∇
H
( x

n+1 +
x
n

2
)

S
ym

plectic
integration



N
u
m

erical in
tegrators

Störm
er-Verlet(sym

plectic,2
nd)

It is sim
p
ly th

e sym
m

etric com
p
osition

 (2
nd

ord
er) of th

e tw
o sym

p
lectic

E
u
ler m

eth
od

s w
ith

 step
 size h

/2
. 

For a 2
nd

ord
er d

ifferen
tial eq

u
ation

It can
 b

e sim
p
lified

 as 

q=
−∇

U
(q),

H
(p,q)=

12
p
Tp
+U
(q)

p
n+ 12

=
p
n −

h2
∇

q H
(p

n+ 12 ,q
n )

q
n+1 =

q
n +

h2
∇

p H
(p

n+ 12 ,q
n )+

∇
p H
(p

n+ 12 ,q
n+1 )

#$ %
&' (

p
n+1 =

p
n+ 12

−
h2
∇

q H
(p

n+ 12 ,q
n+1 )

q
n+1 −

2q
n +

q
n−1 =

−h
2∇
U
(q

n ),
p
n
=
q
n+1 −

q
n−1

2h

S
ym

plectic
integration



R
u
n
ge-K

u
tta

m
eth

od
s

s-stage R
u
n
ge-K

u
tta

w
h
ere                                  . For a case w

h
ere

it sim
p
lifies to th

e fam
ou

s 4
th

ord
er R

u
n
ge-K

u
tta

in
tegrator.  

k
i =

f(t+
c
i h,x

n +
h

a
ij

j=1 s

∑
k
j ),

i=1,…
,s

x
n+1 =

x
n +

h
b
i

i=1 s

∑
k
i

c
i =

a
ij

j=1 s

∑
,

b
i

i=1 s

∑
=1

s
=
4,

c1 =
0,

c
2
=
c
3 =
12 ,

c
4
=1,

a
21 =

a
32
=
12 ,

a
43 =1

b
1 =

b
4
=
16 ,

b
2
=
b
3 =
26

S
ym

plectic
integration



R
u
n
ge-K

u
tta

m
eth

od
s

R
u
n
ge-K

u
tta

m
eth

od
 is u

su
ally n

on
-sym

p
lectic. H

ow
ever, w

e can
 

p
rove th

at w
h
en

 th
e coefficien

ts satifsy

it is sym
p
lectic.

b
i a
ij +

b
j a

ji =
b
i b

j
foralli,j=1,…

,s

S
ym

plectic
integration



S
ym

p
lectic

m
ap

p
in

g

In
 accelerator, w

e u
su

ally u
se tran

sfer m
ap

 to calcu
late lattice 

p
rop

erties. For exam
p
le, m

atrix for a q
u
ad

ru
p
ole

is 

W
h
at a sim

u
lation

 cod
e d

oes is it slices th
e elem

en
t in

to p
ieces an

d
 

ap
p
ly th

e kicks. 

K
k
=

S
ym

plectic
integration



S
ym

p
lectic

m
ap

p
in

g(con
t’d

)
T
h
u
s th

e tran
sfer m

atrix b
ecom

es 

A
n
d
 th

en
 Taylor exp

an
sion

 gives 

Tru
n
cation

 is req
u
ired

 an
d
 u

p
 to 1

stord
er

W
h
ile th

e d
eterm

in
an

t of it is n
ot u

n
ity–

n
ot sym

p
lectic. 

S
ym

plectic
integration



S
ym

p
lectic

m
ap

p
in

g(con
t’d

)
O

n
e trick to m

ake th
e d

eterm
in

an
t 1

 is to artificially ad
d
 in

 on
e 2

n
d

ord
er term

W
h
ich

 m
akes th

e tran
sfer m

ap
 n

ot as accu
rate as if w

e sim
p
ly keep

 
it u

p
 to 2

n
d

ord
er

W
h
ich

 is n
ot sym

p
lectic!

S
ym

p
lecticity

is n
ot eq

u
al to accu

racy!!

S
ym

plectic
integration



S
ym

p
lectic

m
ap

p
in

g(con
t’d

)
Trackin

g of sin
gle q

u
ad

ru
p
ole

sh
ow

s th
e d

ifferen
ce

From
 left to righ

t are exact m
ap

p
in

g, n
on

-sim
p
lectic

m
ap

p
in

g 
an

d
 sym

p
lectic

m
ap

p
in

g. A
lth

ou
gh

 keep
in

g u
p
 to 2

n
d

ord
er 

sim
u
lates th

e sh
ap

e m
ore accu

rately b
u
t it d

iverges. 1
stord

er 
sym

p
lecity

h
as a p

oor p
erform

an
ce in

 p
reservin

g th
e sh

ap
e.

1
.

C
lassical th

eories of n
u
m

erical in
tegration

 give in
form

ation
 

ab
ou

t h
ow

 w
ell d

ifferen
t m

eth
od

s ap
p
roxim

ate th
e trajectories 

for fixed
 tim

es as step
 sizes ten

d
 to zero. D

yn
am

ical system
s 

th
eory asks q

u
estion

s ab
ou

t asym
p
totic, i.e. in

fin
ite tim

e, 
b
eh

avior. 
2

.
G

eom
etric in

tegrators are m
eth

od
s th

at exactly con
serve 

q
u
alitative p

rop
erties  associated

 to th
e solu

tion
s of th

e 
d
yn

am
ical system

 u
n
d
er stu

d
y.

3
.

T
h
e d

ifferen
ce b

etw
een

 sym
p
lectic

in
tegrators an

d
 oth

er 
m

eth
od

s b
ecom

e m
ost evid

en
t w

h
en

 p
erform

in
g lon

g tim
e 

in
tegration

s (or large step
 size).

4
.

S
ym

p
lectic

in
tegrators d

o n
ot u

su
ally  p

reserve en
ergy eith

er, 
b
u
t th

e flu
ctu

ation
s in

 H
 from

 its origin
al valu

e rem
ain

 sm
all.

S
ym

plectic
integration



S
ym

p
lectic

m
ap

p
in

g(con
t’d

)
O

n
e w

ay of th
in

kin
g is to u

se th
in

 len
s ap

p
roxim

ation
, d

ivid
e th

e 
q
u
ad

ru
p
ole

in
to d

rifts an
d
 th

in
 len

s w
h
ich

 all h
ave tran

sfer 
m

atrices w
ith

 u
n
ity d

eterm
in

an
t.

Tran
sfer m

atrices for d
rift an

d
 su

d
d
en

 kick

W
ith

 a q
u
ad

ru
p
ole

at len
gth

 L

S
ym

plectic
integration



S
ym

p
lectic

m
ap

p
in

g(con
t’d

)
S

o w
e h

ave variou
s w

ays of d
ivid

in
g th

e q
u
ad

ru
p
ole

w
h
ich

 resu
lt 

in
to d

ifferen
t ord

er of sym
p
licticity.

S
ym

plectic
integration



S
ym

p
lectic

m
ap

p
in

g(con
t’d

)
A

fter sp
littin

g th
e m

agn
ets, w

e n
eed

 to solve for th
e 

p
aram

eters(sym
p
licticity

is au
tom

atically p
reserved

). Take th
e 2

n
d

on
 th

e righ
t as an

 exam
p
le. Total tran

sfer m
ap

 is

C
om

p
arin

g w
ith

S
ym

plectic
integration



S
ym

p
lectic

m
ap

p
in

g(con
t’d

)
K

eep
in

g th
em

 eq
u
al u

p
 to 4

th
ord

er th
en

 gives

Last on
e arises from

 geom
etry con

d
ition

. 

U
n
fortu

n
ately, th

is d
oes n

ot h
ave a solu

tion
—

sym
p
licticify

failu
re. 

B
u
t th

e 3
rd

on
e on

 th
e righ

t h
as a solu

tion
 

S
ym

plectic
integration



S
ym

p
lectic

m
ap

p
in

g(con
t’d

)
N

otice th
at b

oth
 β

an
d
 δ

are n
egative. T

h
is m

ean
s w

e n
eed

 to go 
th

rou
gh

 7
 step

s for th
e sym

p
lectic

in
tegration

 sh
ow

n
 as follow

s.

T
h
is resu

lts in
 a 4

th
ord

er sym
p
lectic

in
tegration

.

S
ym

plectic
integration



S
ym

p
lectic

m
ap

p
in

g(con
t’d

)
H

igh
er ord

er of sym
p
lectic

in
tegration

 can
 b

e ach
ieved

 sim
p
ly b

y 
d
ivid

in
g th

e m
agn

et in
to m

ore p
ieces an

d
 solvin

g m
u
ch

 m
ore 

com
p
licated

 set of eq
u
ation

s. A
 6

th
ord

er in
tegration

 is d
on

e in
 1

9
 

step
s.

S
ym

plectic
integration



A
ccu

racy vs
ord

er
O

rd
er d

oes b
rin

g u
p

 com
p
licity b

u
t d

oes it p
rovid

e h
ig

h
er accu

racy? 
C

on
sid

erin
g th

e am
p
litu

d
e of p

h
ase sp

ace given
 b

y 

W
ith

 in
itial A

 to b
e n

orm
alized

 to 1
. 

E
xact trackin

g sh
ou

ld
 alw

ays A
 w

h
ile if w

e u
se sym

p
lectic

m
ap

p
in

g 
it’s n

ot th
e case. 

S
ym

plectic
integration



A
ccu

racy vs
ord

er(con
t’d

)
C

om
p
arison

 of 2
n
d

ord
er an

d
 4

th
ord

er of sym
p
lectic

in
tegration

 is 
given

 as

W
ith

 th
e top

 on
e as 2

n
d

ord
er 

an
d
 b

ottom
 on

e th
e 4

th. 
S

tab
ility is alw

ays p
reserved

 b
u
t 

th
e accu

racy is greatly 
im

p
roved

 b
y u

sin
g h

igh
er ord

er 
in

tegration
. 

N
otice th

at th
e d

eviation
 from

 1
 

tells u
s th

e d
eviation

 from
 a 

p
u
re circle–

d
istortion

. H
igh

er 
ord

er also im
p
roves th

e sh
ap

e 
d
istortion

 in
trod

u
ced

 b
y th

is 
sym

p
lecticify

p
rocess.

S
ym

plectic
integration



A
ccu

racy vs
ord

er(con
t’d

)
A

 list sh
ow

n
 all th

e in
tegrators from

 2
n
d

ord
er to 5

th
ord

er is sh
ow

n
 

h
ere w

ith
 th

e error in
form

ation
 an

d
 th

e m
od

el n
eed

ed
 to ach

ieve it.

N
otice th

at sim
p
le rep

etition
 d

oesn
’t im

p
rove ord

er. 

H
ave to ch

an
ge w

ay of slicin
g.

S
ym

plectic
integration



4
th

ord
er R

u
n
ge-K

u
tta

is n
ot 

sym
p
lectic

C
on

sid
erin

g D
E
                     , w

ith
 given

 in
itial x &

 x’. A
 4

th
ord

er 
R

u
n
ge-K

u
tta

solves it at x=
L 

W
ith

                        

S
ym

plectic
integration



4
th

ord
er R

u
n
ge-K

u
tta

is n
ot 

sym
p
lectic

For a q
u
ad

ru
p
ole, it gives

w
ith

 sextu
p
ole, it b

ecom
es

S
ym

plectic
integration



4
th

ord
er R

u
n
ge-K

u
tta

is n
ot 

sym
p
lectic

For q
u
ad

ru
p
ole, th

e d
eterm

in
an

t is

For sextu
p
ole, th

e d
eterm

in
an

t is

B
oth

 of th
em

 are n
ot 1

–
n
ot sym

p
lectic!! 

S
ym

plectic
integration



N
orm

al form
 treatm

en
t

In
stead

 of d
escrib

in
g th

e d
yn

am
ics in

 a b
eam

 lin
e u

sin
g an

 s-d
ep

en
d
en

t 
H

am
ilton

ian
, w

e can
 con

stru
ct a m

ap
, for exam

p
le, in

 th
e form

 of a Lie 
tran

sform
ation

. S
u
ch

 a m
ap

 m
ay b

e con
stru

cted
 b

y con
caten

atin
g th

e 
m

ap
s for in

d
ivid

u
al elem

en
ts. T

h
e b

eam
 d

yn
am

ics (for exam
p
le, th

e 
stren

gth
s of d

ifferen
t reson

an
ces) m

ay th
en

 b
e extracted

 from
 th

e 
tran

sform
ation

.

To b
etter u

n
d
erstan

d
 th

e con
cep

t of m
ap

 (tran
sform

ation
), w

e take a look 
at th

e w
ell-kn

ow
n
 lin

ear tran
sp

ort m
atrix for a p

eriod
ic accelerator (say, a 

storage rin
g)

th
e m

atrix is sym
p
lectic. 

N
orm

al form
 an

alysis of a lin
ear system

 in
volves fin

d
in

g a tran
sform

ation
 

to variab
les in

 w
h
ich

 th
e m

ap
 ap

p
ears as a p

u
re rotation

.

M
=

cosΦ
+
α

sin
Φ

−γsin
Φ

#$ %
    β

sin
Φ

cosΦ
−
α

sin
Φ

&' ( , βγ
=1

+
α

2

N
onlinear	dynam

ics



N
orm

al form
 treatm

en
t

C
on

sid
er m

atrix

W
e fin

d
 th

at

B
ecom

es a p
u
re rotation

 in
 p

h
ase sp

ace.

N
=

1β
0

αβ
β

!" #####

$% &&&&&

N
M
N

−1

=

1β
0

αβ
β

"# $$$$$

%& '''''

cosΦ
+
α

sin
Φ

−γsin
Φ

"# $
    β

sin
Φ

cosΦ
−
α

sin
Φ

%& '

βαβ

"# $$$
  01β

%& '''

=
cosµ

sin
µ

−sin
µ

cosµ

"# $$

%& '' =
RN
onlinear	dynam

ics



N
orm

al form
 treatm

en
t

T
h
e coord

in
ates are “n

orm
alized

”

A
n
d
 th

e n
orm

alized
 coord

in
ates tran

sform
 in

 on
e revolu

tion
 as

Is sim
p
ly a rotation

 in
 p

h
ase sp

ace.

N
ote th

at sin
ce th

e tran
sform

ation
 N

 is sym
p
lectic, th

e n
orm

alized
 

variab
les are can

on
ical variab

les.

x
N
=
N
x

x
N
→

N
M
x
=
N
M
N

−1N
x
=
RN
x
=
R
x
N

N
onlinear	dynam

ics



N
orm

al form
 treatm

en
t

T
h
e treatm

en
t of n

on
lin

ear d
yn

am
ics follow

s th
e sam

e p
roced

u
re h

ow
ever 

m
ore com

p
licated

. 

W
e can

 assu
m

e th
e m

ap
 can

 b
e rep

resen
ted

 b
y a Lie tran

sform
ation

 an
d
 

factorized
 as

W
h
ere f3

 is a h
om

ogen
eou

s p
olyn

om
ial of ord

er 3
 of th

e p
h
ase sp

ace 
coord

in
ates an

d
 f4

 is a h
om

ogen
eou

s p
olyn

om
ial of ord

er 4
. T

h
e d

etailed
 

ord
er d

ep
en

d
s on

 th
e tru

n
cation

.

T
h
e lin

ear p
art of th

e m
ap

 can
 b

e w
ritten

 in
 action

 an
gle variab

les as

Μ
=
Re

:f3 :e
:f4 :

R
=e

:−
µJ:

N
onlinear	dynam

ics



N
orm

al form
 treatm

en
t

To sim
p
lify th

is m
ap

, i.e., sep
arate th

e con
trib

u
tion

 from
 d

ifferen
t ord

ers, 
w

e can
 con

stru
ct a m

ap
 M

3

W
h
ere F3

 is a gen
erator th

at rem
oves reson

an
ce d

rivin
g term

s from
 

S
o w

e h
ave

U
sin

g relation

U
=e

:F
3 :M

e
:−F

3 :

e
:h:e

:g:e
:−h:=e

:e :h:g:

e
:f3 :

U
=e

:F
3 :Re

:f3 :e
:f4 :e

:−F
3 :=

RR
−1e

:F
3 :Re

:f3 :e
:−F

3 :e
:F
3 :e
:f4 :e

:−F
3 :

U
=Re

:R
−1F

3 :e
:f3 :e

:−F
3 :e
:e :F3 :f4 :

N
onlinear	dynam

ics



N
orm

al form
 treatm

en
t

U
sin

g B
aker-C

am
p
b
ell-H

au
sd

orff
form

u
la

T
h
e m

ap
 n

ow
 b

ecom
es

W
e can

 fu
rth

er red
u
ce it to (n

on
-trivial)

W
h
ere                                                con

tain
s all th

e 3
rd

ord
er 

con
trib

u
tion

. e
:A:e

:B:=
e
:C
:,

w
here

C
=
A
+
B
+
12 [A,B]+

U
=Re

:R
−1F

3 +
f3 −F

3 +O
(4):e

:e :F3 :f4 :

U
=Re

:f3 (1):e
:f4 (1):=

Re
:R

−1F
3 +
f3 −F

3 :e
:f4 (1):

f3 (1)=
R
−1F

3 +
f3 −

F
3

N
onlinear	dynam

ics



N
orm

al form
 treatm

en
t

T
h
u
s th

e solu
tion

 is 

S
in

ce f3
 is p

eriod
ic in

 th
e an

gle variab
le Φ

, w
e can

 w
rite

W
e can

 con
stru

ct a f3
(1

) th
at d

oes n
ot h

ave p
h
ase d

ep
en

d
en

ce, i.e., w
e 

can
 w

rite it as 

T
h
u
s n

ow
 th

e gen
eration

 fu
n
ction

 F3
 read

s

F
3 =

f3 −
f3 (1)

I
−
R
−1

f3 =
f3,m (J)e

im
φ

m ∑

f
(1)
3 =

f3,0 (J)

F
3 =

f3,m (J)e
im
φ

1
−
e
−im

µ
m
≠0
∑

N
onlinear	dynam

ics



N
orm

al form
 treatm

en
t

Takin
g O

ctu
p
ole

as an
 exam

p
le (assu

m
e it is th

e on
ly n

on
lin

ear elem
en

t in
 

th
e b

eam
 lin

e), w
e can

 w
rite th

e m
ap

 as 

w
h
ere f4

 is

R
ew

rite it in
 action

-an
gle variab

les

T
h
u
s th

e gen
eration

 fu
n
ction

 for n
orm

alized
 m

ap
 f4

,0
read

s

A
n
d
 th

e n
orm

alized
 m

ap
 b

ecom
es (w

ith
 B

C
H

 th
eorem

)

f4
=
−
124
k
3 lx

4

N
onlinear	dynam

ics

Μ
=
Re

:f4 :

f4
=
−
16
k
3 lβ

2J
2cos

4Φ
=
−
148 k

3 lβ
2J

2(3
+
4cos2Φ

+
cos4Φ

)

x
=
2βJ

cosΦ

f4,0
=
−
116
k
3 lβ

2J
2

Μ
4
=
Re

:f4,0 :=
e
:−
µJ−

116 k3 lβ
2J
2:



N
orm

al form
 treatm

en
t

T
h
u
s th

e m
ap

p
in

g of action
-an

gle variab
les b

ecom
es

In
 oth

er w
ord

s, w
e see th

e tu
n
e sh

ift w
ith

 am
p
litu

d
e righ

t aw
ay.

S
im

ilar to p
reviou

s case for sextu
p
ole, w

e h
ave

Last eq
u
ation

 is valid
 if w

e keep
 th

e n
orm

alization
 u

p
 to 4

th
ord

er.

W
e can

 ob
tain

 th
e n

orm
alization

 gen
erator F

4
easily

N
onlinear	dynam

ics

J
→
J

Φ
→
Φ
+
µ
+
18 k

3 lβ
2J

Μ
4
=
Re

:f4,0 :=
e
:−
µJ−

116 k3 lβ
2J
2: =e

:F
4 :M

e
:−F

4 :

F
4
=
−
196
k
3 lβ

2J
2
4[cos2Φ

−
cos2(Φ

+
µ)]

1
−
cos2µ

+
cos4Φ

−
cos4(Φ

+
µ)

1
−
cos4µ

#$ %
&' (

F
4
=

f4,m (J)e
im
φ

1
−
e
−im

µ
m
≠0
∑



N
orm

al form
 treatm

en
t

T
h
e n

orm
alized

 m
ap

 n
ow

 con
tain

s on
ly action

 variab
le (easy to in

tegrate) 
w

h
ile all th

e p
h
ase in

form
ation

 h
as b

een
 p

u
sh

ed
 to h

igh
er ord

er. 

From
 th

e gen
erator F

4 , w
e see th

e octu
p
ole

d
rives h

alf in
teger an

d
 q

u
arter 

in
teger reson

an
ces. W

e can
 track th

e P
oin

care m
ap

 u
sin

g exact m
ap

 an
d
 

th
e n

orm
alized

 m
ap

 resp
ectively (assu

m
k

3 l=
 4

8
0
0
 m

-3
an

d
 β=

1
 m

). 
A
ssu

m
in

g th
e tu

n
e μ

is 0
.3

3
✕

2π
far from

 reson
an

ces

N
onlinear	dynam

ics

exact	m
ap																																															norm

alized	m
ap

30	turns

Tu
n
e sh

ift w
ith

 
am

p
litu

d
e!!



N
orm

al form
 treatm

en
t

N
onlinear	dynam

ics

exact	m
ap																																									norm

alized	m
ap

2500	turns

Trackin
g for lon

ger tu
rn

s resu
lts in

 d
ifferen

t featu
re w

h
ere w

e p
ay th

e p
rice 

of th
e sim

p
lified

 (n
orm

alized
) m

ap
. S

om
e of th

e p
h
ase in

form
ation

 (3
rd

ord
er reson

an
ce islan

d
) is lost d

u
rin

g th
is p

rocess. 



N
orm

al form
 treatm

en
t

N
onlinear	dynam

ics

exact	m
ap																																									norm

alized	m
ap

2500	turns

Trackin
g for tu

n
es n

ear 4
th

ord
er reson

an
ce is a b

it tricky. S
in

ce th
e k

3 l is 
p
ositive, th

e tu
n
e sh

ift w
ith

 am
p
litu

d
e d

rives th
e tu

n
e u

p
. T

h
u
s if th

e tu
n
e 

μ
is 0

.2
5
2
✕

2π, w
e b

arely see reson
an

ces. T
h
e tw

o trackin
g resu

lts 
resem

b
le



N
orm

al form
 treatm

en
t

N
onlinear	dynam

ics

exact	m
ap																																									norm

alized	m
ap

2500	turns

For a tu
n
e less th

an
 q

u
arter in

teger, i.e.,μ
is 0

.2
4
8
✕

2π, w
e see stron

g 
reson

an
ces from

 exact trackin
g w

h
ile for th

e n
orm

alized
 m

ap
, w

e on
ly see 

a rotation
 in

 p
h
ase sp

ace. 

N
orm

al form
 of a on

e tu
rn

 m
ap

 p
reserves

th
e in

form
ation

 on
 tu

n
e 

am
p
litu

d
e d

ep
en

d
en

ce w
h
ile loses

th
e key p

h
ase in

form
ation

 (w
h
en

 close 
to reson

an
ces). N

eed
 to retain

 h
igh

er ord
er term

s!



R
eson

an
ce d

rivin
g term

s(R
D

Ts)
W

e can
 in

terp
ret th

e Fou
rier coefficien

ts            as reson
an

ce stren
gth

s. 
A
n
d
 th

e gen
eratin

g fu
n
ction

 d
iverges w

h
en

 reson
an

ce con
d
ition

 m
μ=

2π
is 

satisfied
, m

ean
in

g su
ch

 d
rivin

g term
 h

as large effect. P
u
t it in

to p
olyn

om
ial 

exp
ression

, th
e gen

eratin
g fu

n
ction

 can
 b

e w
ritten

 as 

w
h
ere

h
jklm

are called
 reson

an
ce d

rivin
g term

s in
 m

an
y accelerator trackin

g 
cod

es. T
h
e en

tire p
rocess of th

e n
orm

al form
 th

e on
e tu

rn
 m

ap
 can

 b
e 

visu
alized

 as

f3,m (J)

!
+

+
=

=∑
−

+
−

+

jklm
y

y
x

x
jklm

F
F

f
F

4
3

ς
ς

ς
ς

]
)

(
)

[(
2

1
y

x
m

l
k

j
i

jklm
jklm

e

h
f

ν
ν

π
−

+
−

−
=

)
(n
x

)1
(
+
n

x
)

,
(

φ
J

M

Φ
:

:F
e

=
Φ

)
(n
ς

U
(J)=

e
:H
:

)1
(
+
n

ς
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R
eson

an
ce d

rivin
g term

s(R
D

Ts)
In

corp
oratin

g th
e op

tics of a lattice, th
e reson

an
ce d

rivin
g term

 (R
D

T
) 

coefficien
ts h

jklm
(1

stord
er R

D
T
) are u

su
ally calcu

lated
 as

It is very sen
sitive to lin

ear lattice th
u
s a carefu

lly d
esign

ed
 lin

ear lattice 
w

ith
 p

rop
er p

h
ase ad

van
ce p

er p
eriod

ic stru
ctu

re b
en

efits greatly in
 

red
u
cin

g th
e R

D
Ts (w

e w
ill talk ab

ou
t a few

 tactics later).

∑
=

−
+

−
+

+
=

Ni

m
l

k
j

i
m

lyi
k

j
xi

jklm
yi

xi
e

S
c

h
1

]
)

(
)

[(
2/

)
(

2/
)

(
2

µ
µ

β
β

N
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C
h
rom

atic ab
erration

S
extu

p
oles

(an
d
 even

 h
igh

er ord
er m

agn
ets) are n

ecessary in
 an

 
accelerator d

esign
 (n

ot on
ly existin

g as th
e field

 error of stron
g lin

ear 
m

agn
ets). 

S
extu

p
oles

are u
sed

 to correct th
e ch

rom
atic ab

erration
, i.e., tu

n
e sh

ift, 
th

at resid
es in

 lin
ear lattice (in

 com
p
arison

 to th
e ab

erration
 th

at exists in
 

op
tics). 

W
e can

 d
efin

e ch
rom

aticities

T
h
e ch

rom
aticity in

d
u
ced

 b
y q

u
ad

ru
p
ole

field
 is called

 n
atu

ral 
ch

rom
aticity.

[
]

[
]

δ
ν

δ
δ

β
ν

δ
ν

δ
δ

β
ν

π π

d
d

C
C

ds
s

K
s

d
d

C
C

ds
s

K
s

y
y

y
y

y
y

x
x

x
x

x
x

/
     
,

)
(

)
(

/
     
,

)
(

)
(

4 1 4 1

=
≡

−
=

Δ

=
≡

−
=

Δ

∫ ∫
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C
h
rom

aticity
C

h
rom

aticity can
 b

e very large. Takin
g FO

D
O

 lattice as an
 exam

p
le, 

N
atu

ral ch
rom

aticity p
er cell is ap

p
roach

in
g cell tu

n
e (w

h
en

 p
h
ase 

ad
van

ce p
er cell is n

ot large).

C
h
rom

aticities
from

 in
teraction

 region
 

(for collid
ers) can

 b
e h

u
ge d

u
e to th

e low
 b

eta.

For a rin
g w

ith
 C

~
1
0
0
0
 m

, th
e ch

rom
aticities

can
 easily exceed

 n
egative few

 h
u
n
d
red

 u
n
its, 

w
h
ich

 cau
se severe in

stab
lities.

X
X

X
f

f
N

C
ν

ν
β

β
π

−
≈

Φ
Φ

−
=

⎟ ⎟⎠ ⎞
⎜ ⎜⎝ ⎛

−
−

=
2/
)2

/
tan(

4 1
m
in

m
ax

FO
D
O

nat
,

*
m
ax

*
2 1

4 2
β β

π
πβ

−
≈

Δ
−

=
s

C
IR

ARCs
IR

IR
total

C
C

N
C

+
=
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C
h
rom

aticity correction

N
onlinear	dynam

ics

In
 existen

ce of a sextu
p
ole

elem
en

t, th
e H

ill’s eq
u
ation

 b
ecom

es

th
u
s

δ
β
D

x
x

+
=

0
)

)
(

(
   
,0

)
)

(
(

2
2

=
−

+ ʹ́
=

+
+ ʹ́

β
β

β
β

δ
δ

y
D

K
s

K
y

x
D

K
s

K
x

y
x

δ
δ

)
(

)
(

)
(

   
,

)
(

)
(

)
(

2
2

s
D

s
K

s
K

s
D

s
K

s
K

y
x

−
=

Δ
=

Δ

ds
s

D
s

K
s

K
s

C

ds
s

D
s

K
s

K
s

C

y
y

y

x
x

x

)]
(

)
(

)
(

)[
(

)]
(

)
(

)
(

)[
(

2
4 1

2
4 1∫ ∫

+
−

=

−
−

=

β β

π π

In
 ord

er to m
in

im
ize th

eir stren
gth

, th
e ch

rom
atic sextu

p
oles

sh
ou

ld
 b

e located
 

n
ear q

u
ad

ru
p
oles, w

h
ere β

x D
x
an

d
 β

y D
x
are m

axim
u
m

.
A
 large ratio of β

x /β
y
for th

e focu
sin

g sextu
p
ole

an
d
 a large ratio of β

y /β
x for th

e 
d
efocu

ssin
g sextu

p
ole

are n
eed

ed
 for op

tim
al in

d
ep

en
d
en

t ch
rom

aticity 
con

trol.



C
h
rom

aticity correction
 2

n
d

Φ
≈	π/2

C
(2)
x =

−C
x (1)−

|J
p,x | 2

4(ν
x −

p
/2)δ

2

B
y p

airin
g ad

jacen
t 

sextu
p
ole

fam
ilies

S
F1 →

S
F1 +

(ΔS)F ,
S
F
2
→
S
F
2 −
(ΔS)F

U
n
d
er con

d
ition

s
p
≈
2ν

]
)

(
)

(
[

2
4/

,
π

β
β

π δ
i

D
D

D
F

F
F

x
p

e
D

S
D

S
N

J
Δ

+
Δ

=
Δ

W
e d

esign
 th

e lin
ear lattice to h

ave 9
0
 d

eg
p
h
ase ad

van
ce p

er FO
D

O
 cell to 

rem
ove th

e p
oten

tial can
cellation

 b
etw

een
 sextu

p
oles

an
d
 th

e ch
an

ge in
 

stop
b
an

d
in

tegral lin
early d

ep
en

d
s on

 th
e ch

an
ge in

 sextu
p
ole

stren
gth

s.

To avoid
 h

ead
-tail in

stab
ility, w

e n
eed

 to satisfy:

0
1

1
,0

/
2

2
>

−
=

>
γ

γ
η

η
T

x
C

T
h
e 2

nd
ord

er ch
rom

aticity can
 b

e exp
ressed

 as

D
D

D

D
D

D

S
S

S
S

S
S

)
(

,
)

(

2
2

1
1

Δ
−

→

Δ
+

→
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D
yn

am
ic ap

ertu
re (D

A
)

D
yn

am
ic ap

ertu
re d

eterm
in

es th
e stab

le region
 in

 2
d
 real sp

ace (x-y) w
h
ile 

p
articles travel alon

g th
e accelerator. It is very im

p
ortan

t for p
article 

d
yn

am
ic stu

d
y esp

ecially in
 effects th

at req
u
ires trackin

g over m
an

y 
revolu

tion
s (d

ecid
ed

 b
y system

’s d
am

p
in

g tim
e, cou

ld
 ran

ge from
 1

0
0
0
 

(ligh
t sou

rces) to 1
,0

0
0
,0

0
0
 (p

roton
/h

eavy ion
 storage rin

gs). 

D
yn

am
ic ap

ertu
re is a clear in

d
ication

 of n
on

lin
ear reson

an
ces th

at resid
e 

in
 an

 accelerator. Its size is lim
ited

 b
y th

e u
tilize of n

on
lin

ear m
agn

ets to 
correct ch

rom
atic ab

erration
. T

h
u
s d

esign
in

g th
e lattice w

ith
 th

e n
on

lin
ear 

m
agn

ets’ stren
gth

s red
u
ced

 is cru
cial in

 im
p
rovin

g D
A
. 

C
arefu

l tu
n
in

g of m
u
ltip

ole
n
on

lin
ear elem

en
ts can

 also resu
lt in

 red
u
cin

g 
th

e reson
an

ce d
rivin

g term
s th

u
s im

p
rovin

g th
e D

A
.

T
h
ere are m

an
y w

ays of d
eterm

in
in

g th
e D

A
 of a sp

ecific lattice. M
ostly 

com
m

on
ly u

sed
 tech

n
iq

u
es in

clu
d
e lin

e search
 m

od
e (sin

gle-lin
e, n

-
lin

e,etc…
) an

d
 freq

u
en

cy m
ap

 an
alysis. 

N
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Lin
e search

 an
alysis

Lin
e search

 m
od

e req
u
ires trackin

g p
articles w

ith
 d

ifferen
t in

itial p
osition

s 
(or grad

u
ally in

creasin
g th

e p
article offset till it is lost) to d

eterm
in

e th
e 

b
ou

n
d
ary of th

e stab
le region

. Itself is m
ach

in
e exp

en
sive h

ow
ever can

 b
e 

easily p
arallelized

.

N
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Freq
u
en

cy m
ap

 an
alysis(FM

A
)

If w
e p

erform
 a d

iscrete Fou
rier tran

sform
 on

 th
e trackin

g d
ata w

ith
 in

itial 
p
osition

. W
e can

 ob
tain

 th
e b

etatron
tu

n
es (for N

 tu
rn

 trackin
g, th

e 
p
recision

 is m
erely 1

/N
). If w

e rep
eat th

is p
rocess w

ith
 d

ifferen
t in

itial 
p
osition

s, w
e can

 ob
tain

 a tu
n
e m

ap
. To in

d
icate th

e variation
 of th

e tu
n
es 

over d
ifferen

t tu
rn

s of th
e rin

g, w
e can

 d
efin

e a d
iffu

sion
 or regu

larity 
w

h
ich

 d
escrib

es th
e d

ifferen
ce b

etw
een

 th
e tu

n
es over variou

s p
eriod

s 
(u

su
ally th

e first h
alf of th

e trackin
g (Q

x1 , Q
y1 ) an

d
 th

e secon
d
 h

alf(Q
x2 , 

Q
y2 )). In

 oth
er w

ord
s, w

e d
efin

e a d
iffu

sion
 con

stan
t D

T
h
e ru

le of th
u
m

b
 is w

h
en

 D
 is sm

all, th
e variation

 is low
 (or regu

lar) an
d
 

p
article m

otion
 is stab

le. O
n
 th

e oth
er h

an
d
, w

h
en

 D
 is large, th

e variation
 

is h
igh

 (or irregu
lar) an

d
 p

article m
otion

 is u
n
stab

le (ch
aotic). T

h
e p

oin
ts 

in
 tu

n
e sp

ace w
ith

 large variation
 (ch

aotic) u
su

ally lies on
 th

e crossin
g of 

d
ifferen

t reson
an

ce lin
es.

N
onlinear	dynam
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D
=
log

10
(Q

y2 −
Q

y1 ) 2+
(Q

x2 −
Q

x1 ) 2



Freq
u
en

cy m
ap

 an
alysis(FM

A
)

Th
e ob

tain
ed

 reson
an

ce featu
re in

 
freq

u
en

cy sp
ace (tu

n
e sp

ace) can
 th

en
 

b
e easily related

 in
to 2

 d
im

en
sion

 x-y 
real sp

ace an
d
 u

sed
 as an

 in
d
icator of 

th
e size of stab

le region
. It m

ay 
d
iscover som

e reson
an

ce islan
d
s th

at 
lin

e search
 is n

ot cap
ab

le of fin
d
in

g as 
w

ell as th
e im

p
ortan

t tu
n
e sh

ifts an
d
 

stron
g reson

an
ces th

at w
e n

eed
 to 

avoid
. FM

A
 is often

 u
sed

 in
 accelerator 

d
esign

 to id
en

tify th
e d

yn
am

ical 
b
eh

avior. 

Exp
erim

en
tal con

stru
ction

 of FM
 

req
u
ires very h

igh
 p

recision
 

m
easu

rem
en

ts an
d
 som

e d
ata m

in
in

g 
tech

n
iq

u
es to fu

rth
er im

p
rove th

e 
p
recision

, e.g., H
an

n
in

g
filter, d

ata 
in

terp
olation

, N
A
FF, etc…

N
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A
 p

lot show
ing the FM

 for an id
eal lattice for 

A
LS

 in tune sp
ace (a) and

 real sp
ace (b

). 

D


