Equation of motion

Recall that this formalism came from the assumption that there was no
magnetic field on the axis. If there is a nonzero magnetic field on the
design trajectory, this equation simply
represents a diﬀerence between the slope
change of particle in question and the
ideal particle.
In the case of non-zero magnetic field
(e.g. synchrotrons), it can be show that
the equations of motion are:

Note that the added term to ‘x’ equation represents the centripetal motion.
For large accelerators, the centripetal term is usually small in comparison

with the gradient term. The diﬀerence in sign represents the fact that a
single magnetic gradient cannot provide focusing forces in both of the
transverse dimensions.
These equations of motion have the form:
Two methods of solution:
• K is normally constant in an accelerator section by design, so within
each component, we use harmonic oscillator solution and piece them
together at interfaces.
• We can get a closed form solution using the properties of Hill's equation.

Piecewise method of solution
Just like last section, here we can describe the motion of a particle by a
2x2 matrix. There are three cases to consider:
K=0: this case is the same as having a drift space L:

In y (vertical) plane, this corresponds to either a drift between the magnets
or propagating through a magnet with constant By
In the x (horizontal) plane, this corresponds to a drift space between the
magnets or if the centripetal term is exactly balanced by the field gradient.
The latter case is unusual. Frequently, for other than exact calculation, the
radius of curvature of a high energy accelerator is so large that the
centripetal term maybe neglected.
K>0: over distance l, the equation of motion is just a simple harmonic
oscillator, and in matrix term,

K<0: over this range, the solution is hyperbolic sine functions

Closed form solution
Second solution is based on Hill's equation: a diﬀerential equation studied
extensively in the nineteenth century.
The equation of motion
Has the property that for an important class of accelerators, K is periodic,
I.e.
The repeat distance, C, may be as large as the circumference of a
synchrotron. The result of nineteenth century mathematics can be
expressed in the form

When K is a periodic function of position, the solution will diﬀer from that
of the simple harmonic oscillator by a spatially varying amplitude, I.e. w(s),
and the phase will no longer be linear in ‘s’.

