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Lecture 13. Linear Hamiltonian system and their transport matrices
Compact form

We went through following discussion during previous lectures:

1. A linear Hamiltonian n-dimensional system with s as independent variable and »
canonical pairs of variables

X" ={q1,Pl,...,qn,Pn}<:>{x1,...,x2n} (1)
Xy =Xy = Bik=1,...n

is fully described by its Hamiltonian
H(X,s):%XTH(s)X; H' (s)=H(s) )

where H(s) is 2n x 2n symmetric matrix with coefficients, in general, depending on (e.g.
being functions of) s:

[H], = hy(s). 3)

Equations of motions can be written in a compact matrix form

dg, OH & dP.  0H <
—t =—= h. .;—’:——:— h. .
T Z =g 2 (),
c 0 .. 0
d—X:S-H-X; S 0 o .. 0 o= 0o 1 |. 4)
ds -1 0
0O 0 .. o

S = [sij};sz,{_,’% =—S,,2c1 = 1; othewise 0

or even more compact form

i—f:D(s)-X; D(s)=S-H(s)- (5




An arbitrary solution of eq. (5) with initial conditions X, at s, can be written as
X(s)= M(SO S)XO; X(SO) =X,;

. 6
M _p(s)-Mm; M(s,|s,)=L [I], =3,. ©

ds

where T is an unit 2nx2n matrix A-I=1-A = A, VA . We proved that since trace[D]=0
thandetM =1 and furthermore matrix is M symplectic:

M'SM=SeM'=-SM'SMSM' =S; S"'=-S; H =H;

d(M'SM T . (D
I'SI=S§; ( )=(dM SM+MTS@j=MT(HTsT5+SSH)M=0#
ds ds ds
In general case of arbitrary s-depended Hamiltonian
K-1
( ) H(I+SH( ) l+]—sl.));sje{si,sl+l} K —oo,s5. -5 —0
. ®

N-1

Ordered : (I+SH( ) ( z+1_Si))E (I+SH( z+1) ( Sy — ZH))(I+SH( ) ( ,+1_Si))--~

i=0

one needs a computer to calculate the transport matrix. Please note that since, in general,
matrices do not commute, and the order of multiplication MUST be respected. What is
important for us, that it exists.




In practice, one can design a step-wise Hamiltonian, whose coefficient stay constant at
some interval {sl. ,sm}. Than we can find solution of (6) is a very simple form:

oo k
1S A 9)

" |
ao — Akl

oD M, - M, (s) = 1 et
ds

We call M(s0|s) a transport matrix from s, to s. Hence, we can rewrite (6) as

X(s)=M,-X,; X(5,)=M, - X(5,);.... X(s)=M,,, (5,]5) X(5 )5 € {5,,5.,, } - (10)

If se{s,.s,, }, we can apply consequent multiplication of matrices of “elements”:
M, (s]s)=M,,, (s,]s)M,..M;-M,-M,;

.an
M, =exp| D, (s, —s.,) ;i=1.2...k; M, (s,]s)=exp| D, (s—s,)]

Please note that since, in general, matrices do not commute, the order of multiplication
MUST be respected: matrix of the first “element” is the right, matrix of the last
“element” — the one on the left! We used here complete matrices of elements which
“particle” passed completely (1...,k) and use s-dependent matrix for k+1 element where
“particle” is located.

The remaining task for us is to calculate matrices of various elements. The method of
calculation depends on the structure of the matrix D and its eigen values, which satisfy
characteristic (polynomial of power 2n) equation:

2n

det[D-A1]=p(A)=[](% -2); p(2,)=0 (12)

k=1




Since we are interested in Hamiltonian linear system, it has an additional nice feature that
each eigen value pairs with one having the same value but an opposite sign:

p(A)=det[SH-AT]=det[SH-AI| =det| H'S" — Al |=(-1"")det| SH' + AI|= p(-2)
det[D— A1) = p(A)=[ [(A-A)(A+4) =T [(A*- 22)
k=1 k=1
which reduces the order of polynomial we have to solve to n and eigen values to pairs:
{lk,—lk}. This allows us to evaluate all eigen values analytically for 3 dimensional

linear Hamiltonian motion! And making them really trivial for 1D case: A°—A;=0

There is a famous Sylvester formula, which allow to calculate function of matrices. When
matrix D has 2n unique (non-equal) eigen values, it can be diagonalized and Sylvester
formula for exponent is a “piece of cake”: sum of 2n polynomials of power 2n-1 of

matrix D (remember D’ =1):

D-A11
exp|Ds]| Zelks H ﬁ (13)
j

k=1 Ai#Edye Tk

Since D,I commute, the order of multiplication is arbitrary. Formula (13) can be further
simplified because eigen values come in pairs: {/”Lk ,—}Lk} :

n Z.ks + e eﬂ.ks _ e—lks D2 i AZI
exp|Ds|= ( I+ D] [ : ) (14)
2 2 22, [1 A=A

k=1 j#k




In general case, some eigen values can have multiplicity in the characteristic equation:
det[D- L= p(A)=[](% - 2)" (15)
k=1

It amy indicated that matrix D can be only reduced to a Jordan form... Than Sylvester
formula becomes a bit more involved

exp|[Ds =i H{l );II 2(2__2{1]} kz:pp (D-AJ)" (16)

k= i#k i j=0 p=0

where ny < 2n is multiplicity of eigen value A,. We will need this form only in very few
occasions. If computer does it for you, you can easily put n, -> 2n and use (16) — all extra

terms will be automatically zero! It is important — use this formula without fear.




Accelerator Hamiltonian
Before going to a general accelerator elements with constant parameters, let’s remind that

we are dealing with curvilinear coordinate system:

F=F(s)+x-i(s)+y-b(s). (17)
with contra-variant coordinate components:
q=xq=sq=y. (18)
and covariant component of Canonically conjugate generalized momenta
P (19)

P=P;P,=(1+Kx)P,+x(Py-Px); P,=P; P=p+-A
C

with regular (time ¢ as independent variable) Hamiltonian of
2
(1+ Kx)_z([Pz - £A2)+ m(PS - EAJ— Ky(Pl Y D
c c c

B 2 2
+[P1 —EAI) +(P3 —5A3j +m’c’
C C (20)

+eQ




By choosing s as independent variables, we change the set of canonical pair to
{x,Pl},{y,P3}{—ct,H/c} (21)
and corresponding exact Hamiltonian in accelerator physics (s-dependent) form:

2 2 2
' =—(1+Kx)\/(H_—f(p)—mzc2 —(P] —fA]) —(P3 —£A3J

C C c

+SA+ m(g —£A3]— Ky(Pl —EA])
C C

Cc

(22)

Then we considered motion of particles close to the design trajectory. While by setting
the vector potential to be zero at the design orbit, we made {x,P]},{ y,P3} to be small (if

necessary infinitesimally small) values near the ideal trajectory. It allows to think about
expanding the Hamiltonian (22) near the reference orbit.

Meanwhile, H,t could be an arbitrary large numbers. Hence, we introduced a reference
particle traveling at design orbit with design energy H (s) and at designed time ¢,(s).
Then we introduced new Canonical variables, naturally using a Canonical transformation,
which can be infinitesimally small for particle with small deviations fro the reference
particles:

{t=—ct—1,(5)),6 =(H-E,(s)-ep,(s.1))/ c} (23)

and three canonical pairs become:

{x.B}{y.PHr.0}= X" ={x.P.y.P.1.0}={x.P.y.P,.7.8} ={q,.P.q,.P,.q;.P,} (24)

The nice feature of variables (24) that they are real Canonical pairs and when we use
them, our equations of motion remain Hamiltonian — with all benefits it brings. We also
made all coordinates to have dimension of length, and all Canonical momenta the
dimension of mechanical momentum.




We also discussed that we can scale momenta by a constant and make it dimensionless:

P P 0
r=x =—"tr,=x=-2,1,=1w,=—. (25)

X y o s

P P P

Selecting p = mc makes the equations dimensionless, but always Hamiltonian. It is
frequently refereed as normalized coordinated.

If energy of the particle is constant and p = p, is it full momentum, for infinitesimally
small values the values become close to angles of trajectories. Unfortunately this is true
only if transvers components of vector potential are equal to zero. When this is not a case
and transverse component of vector potential are not zero:

e e
P.——A, P—-——A
p=E oy (26)
ds D, ds D,

pairs (x,x”),(y,y’") are not Canonical and differential equations connecting them are not
Hamiltonian. Naturally, if p, is a function of s, the transport matrix in the scale

coordinates would not have an unit determinant. It is easy to see from a following: let’s
consider an infinitesimally small change of p, in a drift-space (no focusing!)

. S
p.=p,+g0s; x,=x,+x" 8s; x' ,>x"> x'o(l—L];
p,+80s
(27)

)
xl':x'o P, x'() 1— 8§98
p,+8g0s p,+80s

Jacobean in (x,x’) coordinate system is definitely less then one... this, beware of using
(x,x”) and (y,y’) when energy of particle is changing or if the transverse component of
vector potential are not zero (for example in a solenoid!). Otherwise, it is very convenient
and frequently used in accelerator physics books and papers.




One more time, when all component of the vector bellow are small

X [ X 10 X ]
X, P P,
¥ = Bl Y |2 Y : (28)
X4 P, P,
X; T z
x | Lo || P

we can expand Hamiltonian to the form in eq. (2) — all linear terms are killed by
assumption that reference particles has the designed trajectory:

- P2+P2 2 2
h= 12 : +F?+ny+G—+L(xP3 yP)+
pa . 29
8 m’c® 1 , @
— +U—+gx6+8y0+Fxt+FyT
2p0 pi 2 gx gyy ' yy
with
F O aBy_l_ eB, 2_ e aE"—ZKeE"+ meE 2_
p, pc ' pecdx \2pc p,v, 0x v, p. )’
B 2 2
G _| e an{ eB, ) e 8Ey+(mefzj ; :( 30)
P, | Pcdy \2pc) | py, dy P,

2N:{ e dB, e 93@_[{' e B - e (aE“‘+8E"j—2K ek, +(meEZJ(meEXJ

p, Lp,cdx pedy pc ' py,\dy dx Py, \ P, p;
2 2
-elE mc) -eE
L=r+-2 B: v_ ezﬁ; gx:(mc)%_l(i;gv:( )% v,
2poc | po pc &t po Vo y p(,
FX:e&i+i%' —_ egi_i_e&Ey

cdct v, dct’’  cadet v, dct’

10




N =2 O T

>

N L
—L 0
G 0
0 1/p

i 0
g, 0

S o o T

11

e | GD




For normalized coordinates it is

i o
L = g o X L
mc P,

0 0 0 _Eoy N

mc mc
F
0o = g L 0 0
mc
D=
o o N g
P, mc
U
0 — 0
3
0 0 (@j Eo, A
P, | | mc mc

12

0 (32)
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and the case of p= p, = const

] _ o 1 -L o L
F P,
S0 L F N
P P P -—— 0 -— -L 0 -g,
0 1 -L 0 0 0 P, P,
F F
N L6 oo X g, L o o0 1 = 0 (33)
L P P, . P,
; 0 FO ! 3 0 Nr 6 0 0 g
oo o0 = 0 P 2
P, P, P,
) g. 0 g 0 0O [ﬂj
g. 0 g 0 0 (@j Po
P, F
: i _E 0 -2 0 v 0
P, P, P, |




While different in the appearance all three matrices D in (31-33) have identical eigen
values and therefore the same Sylvester form of exp[Ds].

We write all possible form of 6x6 matrices and one can explore in detail all possible 6x6
transport matrices generated by (31-33).

To limit the pain, we will explore matrices of elements with DC fields. While they most
natural and common elements we use in accelerators, they also allow complete evaluation
of the matrices. For example, it makes U=0;F,=F, =0; and it allows us to use

VxB=0= 9B, T simplifies the system significantly. Since nothing depends on
time,

do oh

—=——=0=. 34

ds ot (34)
We also should request that reference particle does not accelerate:

dE
5(‘9) = eE, (s, (s) =0 — p.(s) = const
s

The value of this approach to matrix calculation is that we do not need to memorize all
the different ways of deriving the matrices of various elements in accelerators, and ways

of solving a myriad of systems of 2, 4, 6... linear differential equations. Just a smart
“coach potato principle” allover again....

The elements of 6x6, 4x4, or 2x2 accelerator matrixes (often called R or T) are
numerated as R;;, where i is the line number and j is the column number. For example,
Rs¢ will signify an increment in T (-arrival time by c) caused by the particle’s energy
change, 9. Let’s look at most trivial case of decoupled transverse motion.

Since we fixed the particle’s energy (momentum), using normalized/geometrical variable
1s convenient.

14




Matrix of a general DC accelerator element (including twisted quads or helical
wiggler) can be found using our recipe. With all diversity of possible elements on

accelerators, DC (or almost DC) magnets play the most prominent role. In this case
energy of the particle stays constant and we can use reduced variables. Furthermore, large

number of terms is the Hamiltonian simply disappear and from the previous lecture we
have:

2 2 2 2 2 2.2
- +
,,=—7r] 27r3 “‘fx?-i-n-xy+gy?+L(x7r3—y77:1)+%}-mc2 + g X7, + g V7,5 (36)

o

Even though it is tempting to remove electric field, it does not either helps or hurts in
general case of an element. Hence, we will keep DC transverse electric fields. We also

. dB, 0B, OE JE
assume that these fields are in vacuum and —= _ 9B, , o, +KE _+—=0:

ox dy ox oy
FoK - e 9By_ e (9Ey+ eB, 2+ mekE 2.
pecdx py,d \2pc) p )

2 2
. e 93y+ e 8Ey+ eB, 4 melfz : ; (37)
pc ox  py, dy \2pc P,

2n=[ e dB, e 3By}_K. e B - e 8EX+3Ey oK ek N me}EZ?Z melzfx
Pc X pc oy P " PV, ok PVoe \ Ps X P

L=x+

15




In the absence of longitudinal electric field, the momentum P, is constant as well

= const, 0=const. The fact that particle’s energy does not changes in such element is
rather obvious (It is completely correct for magnetic elements. Presence of electric field
makes it less obvious, but it comes from the fact that Hamiltonian does not depend on

Equations of motion become specific:

X" =[x.7,y.75.0.7,] =X 0.1, X' =[x.m.y.75], (38)
0 1 -L 0 0 0
-f 0 -n =L O —g.
IX L 00 1 0 0
d—SZD(S)°X;D=S'H(S)= n L —g 0 0 g, X
g 0 g 0 O m’c’ | p’
00 0 00 0

(39)

16




and can be rewritten in a slightly different (just deceivingly looking better) way:

d—X=D'X+J'L’0°C;
ds
of (1) -L OL 0 (40)
dT 2 2 2 - -n - _gx
—=g Xx+gy+m -mc’/p ;D= ; C =
ds AT EIT Po L 0 0 1 0
-n L -g O -8,

Hence, solution for transverse motion (4-vector) in such an element can be written as
combination general solution of homogeneous equation plus specific solution of
inhomogeneous one:

X=M(@s)-X,+7, R(s); M=e""™; R'=D-R+C; R(s,)=0. (41)

It worth noting that C=0 as soon as there 1s no field on the orbit — E=0, B=0. In this case
R=0.

17




Before finding 4x4 matrixes M and vector R, let’s see what we will know about the 6x6
matrix after that. First, the obvious:

M4x4 O R
ox6 =|Rsi Rs; Rz Ry, 1 Ry (42)
0 0 0 0 0 1

M

with a natural question of what are non-trivial Rs, elements? Usually these elements, with
exception of Rsg are not even mentioned in most of textbooks. Fortunately for us, Mr.
Hamiltonian gives us a hand in the form of symplecticity of transport matrixes. Using
(18) and (18-1) we can find that:

Mi% QT 0 S4x4 0 0 M,, 0 R S4x4 0

M, SMgo==| 0 1 0 0 0 1 Q 1 Ry |5 0 0 1
R" R, 1 0 -10 0O 0 1 0 -10
MAT,x4S4x4 0 QT M4x4 0 R MZx4S4x4M4x4 0 0 S4x4
0 0 1 O 1 R, |= 0 0 1 = 0
RTS4x4 -1 R56 0 0 1 RTS4x4M4x4 - Q -1 RTS4x4R 0

where we usedQ =[R,,,R,,Ry;,R;, |. We should note what X"SX=0 for any vector,

M’ 4S8, M, , =S, , and only non-trivial condition from the equation above is:
R'S, M, ,-0=0
which gives us very valuable dependence of the arrival time on the transverse motions:

Q= RTS4x4M4x4; or QT = _MZx4S4x4R . (43)

18




Element Rsq 1s decoupled form the symplectic condition in this case and should be
determined by direct integration - no magic here:

T(s)=7(s,)+7, ° {m%z /pi (s—s5,)+ ](ng(s)m + 8 Ry (S))ds}

R = m°c* /pz(s -5,)+ f(ng(s)16 +8 Ry (S))dS

(44)

19




det[D — Al]=det

Let’s find the solutions for 4x4 matrixes of arbitrary element. First, let solve
characteristic equation for D:

det[D—All= A"+ X(f + g+20)+ fg+ L' = *(f + g)—n*=0
with easy roots:

) Ry
N =atb; a=—f+g2+2L : b2=(f 4g) +20(f+g)+n’

Before starting classification of the cases, let’s note that

2 2 2
B E E
Fro=K +2 — |+ B | 4| 52 | 20
2p,c D, P,

i.e. a<0; b*°20; Im(h)=0.

(45)

(46)

20
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2 . 2
/lzzaib;a:—f+g+2L ;bzz(f 4g) +2L° (f+g)+n’

2

Before starting classification of the cases, let’s note that

2 2 2
B E E
f+g=K2+2 en, N mezx N me2Z >0
2p,c P, D,

1.e. a<0; b*20; Im(b)=0.The solutions can be classified as following: remember that the
full set of eigen values 1s A,,—A,,4,,—A,:

. A=4,=0; a=0; b=0;
. A=A =iw; a=-0"; b=0;
IMI. 4, =0; A, =iw; a+b=0; 2b=w’

IV. A=io; A, =io,; a)12=—a—b; a)22=—a+b; a|>b

V. L=io; A =0, 0’ =-a—b, ®,"=b—a; b>|d|




Before going to case-by-case calculations, lets use Sylvester’s formulae and try to find
solution of inhomogeneous equation:

2 =D R+C; RO) =0. (47)
S

When matrix detD=0, (47) can be inversed using a R=A+¢™: B as a guess and the
boundary condition R(0)=0:

R=(M,,(s)-I) D" C (48)
is the easiest solution. Prove is just straight forward:
R=D-M,, - C
D- (M-I D' C+C=D-M,, - C #

In all cases we can use method of variable constants to find it:

d—RzR':D-R+C; M’ =DM,
ds
R=M(5)A(s) = M'A+MA’=DMA+C; R(0)=0= A =0 (49)

A'=M"(5)C = A= j M (z)Cdz = (J e‘Dzdz)- C; R= eD{J e‘Dzdz)- C

0 0

22
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It is important to remember that M'l(s) 1s just the M(-s) = e*. Hence in all our formulae
for matrixes from previous lectures we need to replace s by —s to get M'(s). Other vice,
we have to use general formula (33) for the homogeneous solution and use method of
variable constants (see Appendix F) to find it:

agpel VA IS0 R A RS S Mo g oA
R(s)= H{ } [ : ”Z D-AD)"Z .Y D—M”-C-[Z N
kz;{ i LA = A % A=Ay n=0( k ) n! p=0 ( ' ) q=o(p_Q)!/lkq 1 AL 1

(50)

In all specific cases I, II, III, IV and V, integrating (L-53) directly is usually easier that
using general form of (50).




24
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) N2
f+g2+2L _o, 28 4g) +21(f +g)+n* =0
Case . f+g=pos20=(f-g)=0; *(f+g)=0; n*=0

f+g+2l=pos’+2L’=0=L=0; f+g=0=
f—-g=0= f=g=L=n=0!

means that there is nothing in the Hamiltonian but p2— is this the drift section matrix of
which we already know. Hence, there is not curvature as well and R=0.

1 s 00 0
010 0 0

M,, = - R=| | (I-1)
001 s 0
0 0 0 0] |0

The only not trivial (ha-ha — it 1s also as trivial as it can be) 1s Rsg:

2.2
mc
D,

we already had seen it when studied nilpotent case...
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oo (F-e)
Casell: © 4

f=g n=0 and I’(f+g)=L(K*+Q+El’)=0,Q=¢B /p,;E, =0.

+20(f +g)+n’ =0;

1.e. there are two cases: L=0 or f+ g=0.
If both are equal zero, i.e. f+g=0; L =0, this is equivalent to the case I above.

Case Il a: f+¢g=0, K#0, Bs=0 -> L=x. Thus, this is just a drift (straight section) with
rotation, whose matrix is trivial: Drift + rotation. There is not transverse force — hence
R=0.

0
M, -cosks —M,-sink 1 0
M, = 7" ¢ > S};M =[ } R=| | (Ila-1)
M,-sinks M, - cosks 0 1 0
10
Rs¢1s as for a drift:
2.2
mc
Ry =——5 (ITa-2)




Casell b: L=0; f =g = (K2 +Qz)/2;1< = —(; 1.e. the motion is uncoupled:

(0 1 0 O 0
— 0O 0 O
D= U  C = 8 .
O 0 0 1 0
0 0 —f 0] 8,
M )
M, = [ 0 J; M- L cos:a)s sma)s/a)J (ITb-1)
0 M —@sSinWs  COSWs

Here we may have non-zero R: yes, it may be! It is simple integrals to be taken care of:

0 cos@z —SsSinwz/ sinwz /@
Cx,y = —gx’y\‘l} M—I(Z) :\‘ ch,y = gx,y\‘ }

S1IN W7 cosyz —COS s
) j sin(wz)dz /@ ¢ [(1=cosws)/w
jM (Z)Cx’ydz =g, 0 — OXy B
0 — j cos(wz)dz @ sin(as)
| 0 _

0 J‘ » 0
C., =&, . M (2)dz-C, ,=-g,., .
0

gx,y[ COS s sina)s/a)} (1-cosws)/w| g, {cosa)s—l}
® |—osinws  cosms —sin(ax) | ©|-osinws

M(s) j M™(2)C, dz =
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R, =s- mc? /p, + j (ng(z)16 + gyR%(z))dz =

0

2 2 2 2 .

. T 8., T8, [smnws
](ng(z)ergyR%(z))dZ:%j(coswz—l)dz: LS [ —s)
” ® ® ®

with the result:
8
=L (cosws —1
£ (cosas—1)
—&sinwy mie? g 2+g 2 sin s
R= 0 w b Ryy=——F5+— 2y( —s] (IIb-2)
—=(cosms—1) Po @ @
)
—Exginas
) i




Caselll: a+b=0; detD=0; ®’=2b; A,=%iozA,=0; m=3.

We have to use degenerated case formula, but the maximum height of the eigen vector is
2 and only for 3-rd eigen value. Since it is not scary at all: n;=1;n,=1;n;=2

Because of the Hamilton-Kelly theorem, D*(D* + w°]) =0. Let’s do it

k=1 i#k Jj=0

A, =% iw

D2 2 D2 2 D2 D2 D2 D2
k=3 [T+ — |1+ D) [T+ — | = |1+ = | 1+ = [L=| T+ —
) ) )] ) ) 0

2
k=3 |1+ D—}H sD)

2 —AIW*D—AIjm”*ﬁ
_ S k _ p —
exp[Ds] = E e I I{/”L 2 E(&_;tk)} E _p! (D-AJ) J

()]

2 2
k=1+2; e w DtiolD cc.=—D—2(Icosa)s+2j
2iw 0 0

2 2
{I + D—}I +sD)— D—(Icosa)s + 2smcosj
0) 0) 0)

2 2
M,,= [I + D—}I +sD) - D—(Icosa)s + 2sma)s} (LII-1)
® ® ®

29




Similarly
60

D2 2 DZ
R=41+—= |Is+ D 5 +—(D(cosws —1) —Iwsinws) (C (II1-2)
()]

Next is just

j T D’ Z2 D’ 1
C™y| 1+ = [Z+D7 +F(D(cosa)z—1)—la)sma)z) Cdz =

@

C {[I+D—211—+D 3] Dj [D(Sinws—s}(cosa)z—l)}c
0 2 6) w 0]

with result of:

2 2 3 2 .
R, =mc*/p s+ CT{[I+ %II% + D%]Jr 24 [D{Slzf’s — s K(cosawz — 1)}(? (I11-3)

30




Case IV: all roots are different, no degeneration. Use formula (36)

lks As N D2 _ l _21
exp[Ds] = 2 re et ey AT
= 2 24, A=A,

with only one term in the product:

a)2
For R we invoke a simplest formula:

R=M,,(s)-D"-C
For R56 it is tedious but easy:

R, =m’c’/p,s+C " MD™'C;

@,

sin@, s 1—cosw,s
4D —— D’ +0,T) -
1 , ,
M = 2 2<
W, —o, sin., s 1—cosw,s
I°—2+D = [D*+0T)-T s
a)2

M4X4:%{ Tcosm,s+ DS (p2 ©,'1)-| Tcos@,s+ D022 D2+w121)} (IV-1)
W, — 0, ,

(IV-2)

(IV-3)
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Case V: all roots are different, no degeneration. Use formula (36) again

M, = 1| Teosys+ DEEE (D2 0, 1) | Teoshw,s+ D2 D2 4 1) (V-1)
0, + 0, o, ,
R=M,,(s)-DD"-C (V-2)
R, =m’c*/p,s+C MD'C;
I sin@,s D 1-— coi(ms}D2 B 60221) B
M = 1 ) @, @, | (V-3)

I +D >
602 a)z

- 2 2
W, +0, sinh@.s coshw,s —1
2 2 D’ +T)-T s

J




Before going into the discussion of the parameterization of the motion, we need to finish
discussion of few remaining topics for 6x6 matrix of an accelerator. First is multiplication
of the 6x6 matrixes for purely magnetic elements:

I M, axey 0 R,
M, (6x6)= O, 1 R56k ;
i 0 0 1 |
. Mewy 0 R
M, 6x6 M (6x6) = Q 1 R
0 0 1

1.e. having transformation rules for mixed size objects: a 4x4 matrix M, 4-elemetn

M,M,
0, +OM,
0

0
1

0

R, + MR,
R561 + RS62 + QZRI
1

(1)

column R, 4 element line L, and a number Rs4. As you remember, L 1s dependent (L4-7)
and expressed as Q= R'SM. Thus:

M(4x4) = Mle; R= Mle + Rz; Q = Q2M1 + Ql; R56 = R561 + R562 T QZRI

(32)
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One thing is left without discussion so far — the energy change. Thus, we should look into
a particle passing through an RF cavity, which has alternating longitudinal field. Again,

for simplicity we will assume that equilibrium particle does not gain energy, i.e. p, stays
constant and we can continue using reduced variables. We will also assume that the is no

transverse field, neither AC or DC. In this case the Hamiltonian reduces to a simple, fully
decoupled:

2 2 2 22 2
~ T, +TT T m-c T
h="l 3 4 Ze Ty (53)
2 2  p, 2
D0 0 | 2,0
dx 0 1 o X2
= =p-X;D=| 0 D, 0 |;D.=D, = .D, = o
ds J Y 0O 0 0
0 0 D, -u 0
M. 0 0 | (53)
) _ 1T s _ _mc
M= 0 M, 0 ,Mx—My—{O 1}, w—«/detDl|—p—0\/m
0O 0 M,
2.2 m2c2
M, = COS@s = sinws /@ u>0; M, = coshws 7 sinhws /w <0

—usinws/ COS@s —usinhws /@ coshws
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In majority of the cases ws<<1 (mc/p, ~ 1/y) and RF cavity can be represented as a thin
lens located in its center:
I 0 O
| o . W,
M=|0 I 0| M= = u Ly =———
oo

(55)
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Just for fun, let’s look at 1D matrices of quadrupole:

N 2 2 2 2 2 2 .2 aB
A LTS N R i L S S (56)
2 2 2 2 2 p, p.Cc Ox

Thus, it is non-degenerated case only when det[D]#0 we have a simple two-piece
expression :

D-AI D+ Al
Ds] = * s 57
exp[Ds|=e”————e"—7 (57)
while (37) bring it home right away:
e et e —e™™
exp[Ds] =1 5 +D Y
Dsinh|Als (58)
exp[Ds] =1 cosh|Als + T; det[D] <0; |A|=+/—det[D]
Dsin|Als

det[D] >0; |4 =+/det[D]

exp[Ds] =T cos|Als + o
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The case det[D]=0 means in this case that D is nilpotent: eqs (37) look like follows
detD=0= A, =-1,=0; d(A)=det(D-Al[=(4 - A)(-4, —-A)=A =D*=0
hence
exp[Ds] =1+Ds; det[D]=0;

For non-scaled case 1s just a change of variables:

3 2 2 2 2 2 20 OB
2p, 2 2p, 2 ) 2p, p, p,c Ox
0o 1/ 0 1/
8 el 0% e o
poKl 0 ’ _poKl 0

COs ¢ sing/p,+/K, cosh ¢ sinh@/p /K,
M, = ' M, = .
—p,/K, sing CoS @ p,+/K, sinh@ cosh¢

37

(39)

(60)




In a case when length of the quadrupole is very short, but the strength is finite. It is
called thin-lens approximations:

@ =syK, 90;K1S=const=%

1 0| 1
MF% _& 1 ;MD% &
| F F
{x,x'},{y,y'}
1 0 1
MF_> _l | ’MD_> i
F | F

(61)




