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RF Resonator

« Capacitor for DC-> LC circuit for RF -> Pillbox RF cavity




Recall - TM In Circular Waveguide
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TM, .y IN Pillbox Cavity

Circular waveguide with two endplates
spaced d. Wave can fravel in both
directions, e7z in circular waveguide
becomes C'e 2 + D'elfz or Ccosfz + jDsinfz.

Nofice that 6/0z now is not -, but

dsinfBz /0z = -BcosPz or dcosPz [0z = -BsinPz.
Additional boundary condition: E, & E, |4t z=04 = 0

The term Ccosfz + jDsinfz for E, & E, should have € = 0
& sinfd = 0, so Bd = Im, I=0,1,2..., it Is in the form of sin%“z

ITt

e 1 ! an
SOF s in the form Bcosng],, ( p) Sin—z




TMnmI

VXE= -jowuH &V x H = jweE

VXE=p(E%_aﬂ)+(p(%_%

1
p

a(pEgo) _ aEp
ap do

) +z=(

= p(—jwpH, )+@(—jwut,)+z(—jwuH,)
Similarly

10H, OH 0H, OH, 1 (d(pH,) OH
P(; dp - 6z¢)+(p(6_zp_ 6p)+Z;( 6p<p _a_qf)

= p(jwsE, )+@(jweE, ) + z(jweE,)
and H, = 0 for TM,y,
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/ E, = BcosngJ;, (P”Tmp) sin %Tz
9(pEy) _ 0E, _n Pam \ o IT
P 0 0—E, = P’Z Bsmmp]n( ” p) Sin—2z
)
H‘p = jweE, — H, =/ wchasncp] Prm ) cos = z




TMnmI

lT[ P P . l . . .
E, = __MACOSTl(p]n( nm )Sln—nz Circular waveguide:
- 4 —],b’ = Acosng], ( ) -jBz
Itn P l n
By = __Asmnfﬂf ( — )Sm —z
P n p d E(p = ]IB—ASlnn(p]n (M ,0) e—jﬁz
P P l nm —
E, =~ nm)zACOSTl(P]n ( — ) COoS ERZ E, = ( 2Acosng], (Tp)e Bz
. P. .
e ' P l H, =— a)g—Asmn —nm ) eiBz
Hp — _]Cl)g—ASlnTl(p]n (Mp) COSET[Z P J (P]n( ,0)
f Hy =—J a)é‘—Acosncp]n( ) ~JBz
H =-— Pn_mA an In_ T
¢ = ]a)g COSTl(p]n COS;Z H,=0
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Pilloox Cavity — Tk,  Thereis no TE,m mode

Circular waveguide:

_ Phm . m |
E'D ]w'u ASl‘I’lTlgD]n ( )Sl‘l’l d Z E, _/ ,u ASlnmp]n( . ) -jBz
. Py P; A pl
E, = I Acosng],, ( - ) sin—z  E,=jwu Acosng]y, ( )e -6z
E,=0 £z =0
L=
7 LTt P, y , (Pl ITe Prm Acosncp J4 ( ) e-iPz
= cosn (— ) COS—Z
p d a n P d H, = P ﬁn Smncp]n (Pa ) Pz
Itn Phm It
__—Asmncp]n( )COS;Z T, = ZAcosncp]n( )e,ﬁz
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—Z C
( )*Acosng], sin — ”

N LTt It
o —jBeitr > —cos;z & e7% = sin—z
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Fleld pattern

E, =0
E,=0
E, = (C2)24), (%2 p)
H,=0
Hy = e’ a1 (2)
HZ =0
(P"1 A (E field along beamline)
Vo = (2)2dA
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Resonant Frequency

2 =2k _ Po1 _m_
— Bk =wue=—, LE&EL=—=0
¢ € Po1

« Resonant frequency f = — = —k =

2Tt 2Tt 2T a

« Wavelength A = —a = 2.613a

Po1

« For TMg;o, resonant frequency is determined by the cavity
diameter, it is not related to the cavity length.

 For a 1GHz cavity, the cavity diameter is 0.23m (radius
a=0.115m). For a 100MHz cavity, it is 2.3m, it is huge.




Cavity Length /\T/ =
y g ~7/4 \/

N

« Beam passes through the cavity center.

Recall that E, —( 2A]o( ) it is a constant ( —21)24J,(0) in the cavity
center, with a fcc’ror containing time e/t This is olso the peak E field.

. 2 .
For V(t)=V0ef‘°t=PZ§ dA],(0)e’/®t, to get the maximum accelerating

voltage, the (positively) charged particles/beam (with velocity v) enter
the capacitor at time —-T/4 and exist at time T/4. Accelerating force is at
maximum while particles are in the center, so called on-crest. Cavity may

also work at off-crest though.

The length of the capacitor is thus d=A/2 for v close to ¢, with A=c/f, the
wavelength.

For low B (=v/c) cavity, the length is normally less than A/2.

Transit time factor T = sin (‘“d) / (2 ) ford =A/2 & P=11iti |s =

2v




f J§ ( )pdp = U ?(Pyy) +J§(Po1)] = %2](’)2(1301)

Stored Energy 123 (22 ) pdp = 12 P

]O(POl) - ]1(P01)
2
U =L |Hy| dv==] |E,I?dv
P , (P P P
+Hy = —joe 2 Ay ("2 p) & B, = (2240 (")

2
* J, dv= fz—O f(pfo fpa_o pdp do dz = 2nd fa o Pdp for TMg;g

e U =% § ‘ dv = [a)gp(’lA] 2md — ] 2(Pyy)

== E,|?dv = [(P‘” ZA] an—]’ (Py) = fE 2]2(Py,)xVolume
=S 01) = 5 Lo J1\Uo1

« Note ’rha’r L1 & g0, = 1/C2, the above two equations are

equal.




L, C & Shunt impedance over Q

Po1° _ Poi? _ a’ o
2 dA]O(O) = 2 dA thus C = 67'[7]1 (POl)

+ U =—CV¢ with 1V =

OL:L— d

w2C  w?2&ra?j?(Pyy)

d
w&ra?jz(Pyq)

T2, with

* Shunt impedance over Q: RQL" = wLT? =

fransit time factor T = sin (w_d) / (w_d)

2V 2V




f] (POl )pdp— ](,)2(P01)

Power dissipation

*H, = —]a)gh/l]o (P‘” )

rp == [[|H|2dS = = <2f ofpa=o( £ Afy (2ot ))zpdp do +

afzd—of i (wgiA](’)(Pm))z de dz) =
% (wef 4) (an [& o5 (22p) pdp + 2madys (p01)) -
> (wgi"‘) AT 7]0 (Poy) + 2madj{? (pm)) -

2
Po1 4\ / L4
(w2 4) 7RI (Por)(@? + ad) = (we22 A4) mRyJF(Por)(a? + ad)
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Quality factor

B wePo10) 2w 2 wp
- - 2 - a
Prf (wet24) nRgj}(Ppr)(a2+ad)  Bs gt

 For a normal conductor with skin depth 6 = /w%w and

1 a

i N
surface resistance R, = — 0 =3 T

wU a

« Geometry factor G = - a




HWR

https://uspas.fnal.gov/materials/12MSU/JPH_HWR_Design.pdf

Half wave resonator
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Recall - TEM Field Pattern in coax line

* k. =0, k = = w\/ug, no cutoff frequency.




Additional boundary conditions

» €% in E, now becomes cos(kz)

and it should be zero at z = -d/? B —icos(tl—z

and z =d/2. Vép
 The mode with lowest resonant E‘/’:O

frequency should satisfy kd/2 = E,=0

/2, and d =A/2, therefore it is H, =0

called HWR. H, =ﬁsm(%)
* Resonant frequency f = — s solely 0= 0

determined by the caw’ry height

I ol Gnd IS no’r rela’red toa & b.




Accelerating voltage

» Beam passes through the cenferz =0, with E,, ,—¢ = Fpeﬂ*’t

 |[deally, one would like the beam to “see” the maximum E
field while beam is at [-b,-a], and when

oeam passes through the center
nole, E field flips the sign and when
peam is at [a,b], beam 'sees” the
maximum E field again.

« Accelerating vo’rdge N this case s

2|22 sin (42) o] = 22 ik
A

IT can

f smada
be intfegrated numerlccjlly

a
HWRs are normally thin and tall, with b a small fraction of
A/2, and for low B applications. Ideadlly a + b = BA/2 = Bd




HWR — RLC properties (see coax line)

 Inductance per unit length L = %lng H/m.

« Capacitance per unit length € = Zi,f F/m.

In—
a

« Center conductor voltage V = “ In> cos (zﬁ) =V cos (E)

VE T a A A
2TMA . 2Tz ! 2TZ
Center conductor current [ = ﬁsm(T) = ], sin (T)




HWR — Peak fields Normalize to V, = \%lng

A T
Véa alng

- Peak electric field E,y =

AV
b
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- Peak magnetfic field Hy, =
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HWR — Stored energy Normalize to v, = % in>

*H, = \/,sz sm(—)
»Stored energy U ==/ |H,|” dv = " =
2
d/2 2T nZz _1 27, b _ m&A V§
f e a/2 f(p=0 fp=a T sm( | pdpde dz = 2ndA lna =




HWR — Power dissipation Normalize to v = Zin

« Power dissipation P, = ffIledS = &<2 fzno fp a(ﬁzp n(—)) pdp do +

a de——d/Z f;TCO (\/%a SlTl(—) ) do dz + b fd=_d/2 f(p =0 (\/le Sln(—) ) do dZ) =

(2><27T—ln +n“2—d(1+—)) RS”VO (8102 +2C + )]

‘(I —)2

« HWR is normally a thin tall cylinder, ’rhe first ferm above (loss on the
RSTL'VO

endplafes) can be ignored. Prp = 7 )2 (E —)




HWR — Quality factor

nEAV(Z) .
4 ,. b o L4
U l"a _ 2T lna Th G — 2nnin
° Q = —_— = > — 1 1 US - 1 1
Prf  RsTVG A A+l ARs(GHy) Aty
a b




HWR - Shunt impedance

* There are 2 gaps thus the voltage should be 2V,

b b

(2Vp)? 42 16n°(In-)? 16n2(In_)?
* Rgp = = = 2 = - thus RgpRg = T 1
P’I‘f RsmVp A TL'}\RS(E+E) TA (E-I_E)




HWR — estimation

TEA VO
4 l—

- Practically in2~1, with b/a~3. * U = T ERBAR

b :
eV, = bln-E,~bE, with E, . _RsmVg A (1 1\ mRs 3542
° o a ° 0 . ° Prf 4 7?2 (lné)z (a+b) 21?2 EgBa
ampliftude of the E field on a
27Tnln2

outer wall. . G =—“~%nﬁ

A G+3)
*a+ b~b~FA/2 .
‘R P = 16n%(In_)? 2 B2
shi's — - (1+%) nTI

° Q nznln_N n
L_v
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Unwanted modes

* The working mode gulso called fundamental mode) in the cavity is
the mode we want the beam to “see” and to interact with.

« Some cavities have multiple working modes*, this is not the major
topic of this course though.

 The modes other than the working mode may disturb the beam
beam dynamics consideration) and cause energy degradation
power consideration), thus they are unwanted.

*https.//doi.org/10.1103/PhysRevAccelBeams.19.122001
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Nofe: the vyellow sin

. . curve does not represent
MUHIC@H COVITY the wavelength of the
resonance.
« Sometimes multicell cavity iIs used to ‘ /
save space, components (money),
power needed etc. k
T-mode

 The working mode now split to n
modes (called passband modes),
with n the cell number.

* The passband modes are named by
the phase advance between two 211/3-mode
adjacent cells (or by the phase
advance from beginning to end

Ev]eQr the number of cells). krr/n, with
=1,4,..., N

* TT-mode is usually the working mode.

Tm/3-mode

“
T



HOM, SOM, LOM

 The modes that are in the same passband as the working

MOoagG

e MOO
MOO

* MOO

MOoagG

e are called Same Order Modes (SOMs).

es with frequencies Ilower than the working
e/passband are called Lower Order Modes (LOMs).

es with frequencies higher than the working
e/passband are called Hihger Order Modes (HOMs).

 For single-cell A/2 TMg,0 cavity, there are no SOMs or LOMs,
only

HOMSs exist.




HOMs (single-cell A/2 TMy,, pilllbox cavity)

¢ Mo k2 = k2 + B% = (222 4(3)2= (2)?
TEm k2 = k2 + B2 = ()24 (2= G 22

* A2 TMy;o pillbox cavity length d = 5 =—q

Pyq




HOMs (single-cell A/2 TMy,, pilllbox cavity)

— C /
° Mnml f — E\/ nm + (lP01)2 & TEnmI f — \/an + (lP01)2
* There is no TE, .0 mode

« HOMs with frequency from low to high (nhormalize 1o TMg0
fo = _P01)

2Ta

TE,. ) 1.259 TMo;; 1.414 TMy1q 1.593 TE,y; 1.616 TM,11/TEy; 1.881 TE; 1,
2.14] TMO122236 TE2122369 TM]]22557

n n---

3.832 7016 10174 2.405 5.520 8.654
1 1.841 5331 8.536 3.832 7.016 10.174

h 2 3054 6706 9.970 2 5135 8417 11.620
. s S




HOMS

 TM monopoles produce most of the HOM power.

« Monopoles and dipoles perturb the beam more than
sextupoles, octupoles..., the so called “(shunt) impedance
budget” for these two need to be considered during the
cavity design.




