
Homework 14 
Problem 1. 10 points, 2D distribution function and RMS beam sizes 

For the case of fully coupled transverse oscillations with eigen vectors  

 

and known values of eigen emittances  of stationary Gaussian distribution 

(solution of Fokker-Plank equation)  
(a) 6 points; Write explicit expression for the distribution function in terms of x, Px, y 

and Py.  
(b) 4 points; Write expression of the RMS beam sizes 

 

using beam emittances and necessary components of eigen vectors. 

Solution: (a) The normalized distribution function in phase-action variable is 

 

Now we need to find explicit expression for I1,2 using  

 

were c.c. stand for complex conjugate components: 
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with exlicit expression being (as expected) long and ugly: 

 

with 4D distribution function: 

 

One can try to introduce α and β components similar to 1D motion 
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but it does not make expressions better, especially for fxy.  
Another way of writing it is to use real and imaginary parts of the eigen vectors 

 

(b) This is much easier task:  

 

Since phases of oscillation are random are not correlated between to modes, we have  
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Problem 2. 10 points, 3D distribution function and RMS beam sizes 
(a) 5 points: For the case of fully coupled transverse oscillations with eigen vectors  

 

 

and known values of eigen emittances  of stationary Gaussian 

distribution, write expression of the RMS beam sizes 

 

using the beam emittances and necessary components of eigen vectors. 
(b) 5 points: For the case of slow synchrotron oscillations and approximate 

expressions for the eigen vectors: 
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and known values of eigen emittances  and RMS values of the 

relative energy spread  write expressions for transverse beam sizes: 

 

Solution:  
(a) Treatment is identical to the RMS beam sizes in the previous problem: 

 

(b) In this specific case we have  

 

 
 

ε k ≡ Ik =
ak
2

2
;k = 1,2

σδ = δ 2

σ x = < x2 >;σ y = < y2 >

x = a1w1x cosϕ1x + a2w2x cosϕ2x + a3w3x cosϕ3x ;
y = a1w1y cosϕ1y + a2w2 y cosϕ2 y + a3w3y cosϕ3y ;

τ = a1w1τ cosϕ1τ + a2w2τ cosϕ2τ + a3w3y cosϕ3τ ;

σ x = x2 =
a1
2w1x

2 + a2
2w2x

2 + a3
2w3x

2

2
= ε1w1x

2 + ε2w2x
2 + ε3w3x

2 ;

σ y = y2 =
a1
2w1y

2 + a2
2w2 y

2 + a3
2w3y

2

2
= ε1w1y

2 + ε2w2 y
2 + ε3w3y

2 ;

στ = τ 2 =
a1
2w1τ

2 + a2
2w2τ

2 + a3
2w3τ

2

2
= ε1w1τ

2 + ε2w2τ + ε3w3τ ;

Yk =

Ykβ
ykτ
0

⎡

⎣

⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥

=

w kxe
iχkx

v kx +
iqk
w kx

⎛

⎝⎜
⎞

⎠⎟
eiχkx

w kye
iχky

v ky +
i(1− qk )
w ky

⎛

⎝
⎜

⎞

⎠
⎟ e

iχky

ykτ =η
T SYkβ
0

⎡

⎣

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

;k = 1,2; Yδ =
η
χτ

1

⎡

⎣

⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥

=

ηx
ηpx

ηy
ηpy

χτ

1

⎡

⎣

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

σ x
2 = ε1w1x

2 + ε2w2x +ηx
2σδ

2

σ y
2 = ε1w1y

2 + ε2w2 y +ηy
2σδ

2

στ
2 = ε1 η

T SY1β( )2 + ε2 ηT SY2β( )2 + +χτ
2σδ

2;


