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Particle Position

What we learned: Frenet-Serret coordinates (x,y,s)

Hill’s equations (derivatives w.r.t. s)

Higher order magnet, S /36‘1
usually field errors O=—="—
Natural focusing from Focusing from R R
dipoles (curvature) guadrupoles
Solution of Hill’s equations X(s), X’(s) form a coordinate set and can be transformed thru
matrix representation
X(s) X(s,)
' = M(s,5)| -, X can be x ory
X'(s) X'(5,)
|M (s, SO)| =1 Trace( M s, SO))| <2

Stable solution conditions



Courant-Snyder parameterization

cos®+asm® Lsmd .
M(s) = . _ =/cos® +JsinP
—ysin®d cos® —asmd
I O a
1=( ) J=( P ) JP=-I, or By=1+a’
0 1 -y -«

Where a,B,y,$ are functions of s and describes position dependent beam properties.

F : q | Ms.s) cosvK/( ﬁsin\/fﬁ (1 0)
ocusing quadrupole: S,8,) = —
. " " =VKsinVK? cosJK! -l 1

cosh /| K |( ﬁsinhwﬂl(w 1 0

Defocusing quadrupole: M(s,s,) = . _>( )
VIK [sinhy|K |0 cosh /| K| 1y 1
cos=  psin< 1/

Dipole: K=1/p? M(s,s)=| 5=
—-;sin—> cos— 0 1

1 7
Drift space: K=0 M(s,s,) = (O 1)



Example: FODO cell

QF /2 B QD B

A FODO cell is a basic block in beam
transport, where the transfer matrices for

QF/=2 dipoles (B) can be approximated by drift

.

I_I spaces, and QF and QD are the focusing

FODO CELL

and defocusing quadrupoles.

N N (R (RO [
S \—g; 1JN0 1)\ 1)\0 1)\ -5 1
B ( l—%% 2L1(1+§L))
—3&(1-3) 1-334
cos®+asmd psind
M<s>=( | | )
—ysind cosP —asind
L
cos® =1 Tr(M) 2L1(1+ﬁ) 2L1(1+sin(§)
L2 ¢ L [))= Sm(l) B Sln(I)
cosd=1-—-, sin =0
2f 2 2f



Floquet Theorem X"+ K(S)X = () K(S) — K(S + L:

X(s)=aw(s)e’”™, w(s)=w(s+L), w(s+L)—w(s)=:

PW=w a==fl p=rte =B, v(0)=] s

(xmz) ]= N (%.’Sl)(xcvl) j
X'(s,) X'(s)

M(s,,s,) =

l+aa, - al a2

— Sin 4 — CoS U (COS (L — o, SIn )
LT B G

( (5 :
\/g:l(cosu+als1ny) MSin,u ]

( (1
_ 'B; 01 \(cosu sinyj JB 0

\_\/ﬂ% \/,sz —sin i COS U




The values of the Courant—Snyder parameters a,, B,, y, at s, are related to a,, B,, y; ats; by

ﬂ M121 _2M11M12 M122 ) ﬂ
a|=-MM, MM,+MM, -MM, |«
Y ), M;, —2M,M,, M, N )

The evolution of the betatron amplitude function in a drift space is

1 o . (s—5)
182:_+7/1(S__1)2:,B +¥9
71 71 B

(s—s") 1
O =0 —)S=—""7>=—H5 Vo=~

p p
Passing through a thin-lens quadrupole, the evolution of betatron function is
20
181 L4 181

18221819 o =0, +t—, )V,=)rT

/ for




Courant-Snyder Invariant

‘\'?B-
VX% 4 20XX" + B = %[X2 s+ pX) |=20 =6 ; ,

ve/y
Emittance of a beam Centroid
- pr(X,X’)dXdX’, (X') = pr(X,X’)dXdX’,
0% = [(X = (X)) p(X, XVdXdX', 0% = [(X'=(X') p(X,X")dXdX'

= f(X XNX' = (X' Np(X,X"dXdX' = roo,.

= JORP — P = 001 = P

7’77’1S

de’

The rms emittance is invariant in linear transport: = ()

ds




Normalized emittance €, =gy is invariant when beam energy is changed.

Adiabatic damping — beam emittance decreases with increasing beam
momentum, i.e. e=g_/By, which applies to beam emittance in linacs.

In storage rings, the beam emittance increases with energy (~y?). The
corresponding normalized emittance is proportional to y3.

The Gaussian distribution function

| _v2.p2 2
P(X Py) = s— e 0B
2r0oy
|
p(g) — 2 e 8/267'7115'
grms
€ €rms 2 1 6 8

Percentage in 1D [%] | 63 | 86 | 95 | 98
Percentage in 2D [%] | 40 | 74 | 90 | 96




Effects of Linear Magnetic field Error

X" +[K. (s)+k(s)]x = & V' + [K,(s)—k(s)]y = _%
p p

For a localized dipole field error: 8=AB2/Bp

X"+ K, ()X =60(s-s,)

0
X, = /,30 COSTTV,
2smamav
/ 6
X, =— (sinzv — ¢, cosmv)
2smmav

X, (s)=G(s,s,)0

JBso) B(s)

G(5:50) = 2smn v

coslzv—[y(s) =y (s,)|]



Off-momentum and dispersion

For different particle energy 0= P~ Po
Po
x=x,+DO0 x'=xp+D'6

i 1
Xg +K (5)x5 =0, K. (s)= o K(s)

” 1
D" +K (s)D =—
) p D 52)
D'(s:
Extend the matrix representation to 3 by 3
D(Sz
D'(s
cost psinf  p(l1-cosB) 1 L 1iL6
For a pure dipole (K=0): M =|-+sinf cos6 sin @ = @ 1 0
0 0 1 0O O 1
0<<1 ie. L<<p
COS\/EK #Sm\/EC 0 1 0 0
For quadrupoles: M(s,s,)=|-vVKsinVK( cosvVK( 0 |—|-1f 0 o] il g
0 0 1 0 0 1




Quadrupole errors

The transfer matrix of the one-turn map is M(s,)=M,(s,)m(s,)

cosD, + a,smP, - S, sm D k(s,)ds, S,smd,
M(s,) =

—y,sn®, —[cosD, + a, sm D, |k(s,)ds, cosdP,—a,smD,
1 :
cosP =cosP, —E/J)Ik(Sl )ds, sm P,

1 1 1
AD =—pk(s))ds,, Av=—pfk(s)ds, Av= _f/jlk(sl )ds,
2 4 4

The betatron tune of the accelerator is changed by the
quadrupole field error.



The betatron amplitude function is also changed by the quadrupole
field error. The betatron amplitude function can be obtained by a

one-turn map, i.e.
M(s,) = M (s, + C,s,)m(s, )M (s,,s,)

AIM(s,) |, = =k(s,)ds, BB, sinv, (¢, — ¢,)sinv, (2w + ¢, - §,)
e % k(s,)ds,B,B,(cos2v, (7 + ¢, — ) —cos 27v, )
AIM(s,)], = Al B, sin® |= AB, sin®, + B, cos D AD
=Af,sin® + % Pk(s))ds,p,cosD,

A 1
/3{32 =_2sin(I> Bk(s,)ds, cos2v,(T+ ¢, —@,)
2 0

For a distributed quadrupole field error, the perturbation to the
betatron amplitude function becomes

AB(s) 1 "% )
B(s)  2sin®, [dslﬁlk“l)ms%o(m% 4)




Bad: Integer tune (dipole) & half integer
(quadrupole)
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Synchrotron motion

d AT Ap nhwiAE 1 1
‘ 'J%:—}Aw—lw = hnw = — . N=0Q — —J5 = 5~
H(Q s) ! U0 T 1w m  B2E; wo o =i 2
d (AE 1
Z\ ) =3¢ Vo(sin ¢ — sin ¢y), : Wo
dt \ wy = I Lg\ (sin @ — s1n o)
. OH : oH  we w,eV, cos g,
=2 —hpo,s  S=- il (sing—sing,) ~ — (P—4,)
85 op 27B°E 27B°E
d? ( b) = hw'a(- V1jp cos o (6 — &)
iz ? ~ ¢ 2m@E ™
The stability condition for synchrotron L - ' ' [
oscillation is 1, cos ¢, <0, discovered by - s

McMillan and Veksler. Below the 3
transition energy, with y <y orny <0, the Zos} H1008
synchronous phase angle should be 0 <¢, £
< /2. Similarly the synchronous phase
angle should be shifted to m — ¢, above the . - -
transition energy. Revolution x1000

o
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0 0 -
" il . hwgeVng cos ¢
— Q0 — @s) =

dt?

-

2n32E il
- J -
| heV |y cos ¢, ¢ [heV|ncos @,

The angular synchrotron frequency is w. = wy ¢/ . = —{/
gular sy qUency 1S W =W\ — o R\~ 2xE

where ¢ is the speed of light and R is the average radius of the synchrotron. The
synchrotron tune, defined as the number of synchrotron oscillations per
revolution, 1s

Wg I," heV |ng cos o
: 2w 32E
Typically the synchrotron tune is of the order of < 1073 for proton synchrotrons
and 107! for electron storage rings.

@ :



Fixed points of a Hamiltonian are located at phase space points

with zero velocity field:
-0

oH
H 5 ’t .i = = O, .i — -
(¢.p.0): 4 - p 5
1 o, woeV | | L
H = §/lw()7ln(5 + 2 E [cos ¢ — cos ¢s + (¢ — o) sin @]
oH - oH  wyel

b=~ — hnw.S o= sin ¢ —sin ¢,
5 19 (sing ?.)

04 24B°E
The fixed points of the synchrotron Hamiltonian are at phase space
points: (¢,,0) and (n-¢,,0). Small amplitude motion around the stable
fixed point (¢,,0) 1s elliptical with synchrotron tune Q.. Motion near
the UFP is hyperbolical.



The Hamiltonian torus that passes through the unstable fixed point
1s called the separatrix.

H($,8)=H, = H(z-$,0) = 2“;;;5]; [2c0sd, +(r—24,)sing,]
5 eV,

o+ BEhn [cosp+cosh —(mr—@p—¢,)sing, |=0

The separatrix has two turning points, ¢, and © — @,, where @, 1s

COS @y + @y SIN O = — COS Qg + (T — Qg) SIN Q.

16 T T

The phase space area enclosed by 1o
the separatrix is called the bucket, oe
where particle motion around the of
stable fixed point is elliptical. The
motion around the unstable fixed
point is hyperbolical.

6ox (ﬂﬁthhﬂ/eV) i

The bucket length is |(m — @) — @]




The phase-space area enclosed by the separatrix orbit is called the
bucket area.

e eV l6v
Ay =96, (P)d¢ = 16\/ ——,(4) =——a,(4,)
§ 273 Eh| 7| hin
1/2
| 1 pr—ds [ n] | o =
apl@s) = = —— |coS O+ cos O — (T — @ — @) SIN P do.
I() 4\/2 ‘/(_)” [ ) [ ¢ s ( ¢ ) P J ¢
Here a,, 1s the moving bucket factor.
The maximum momentum
> v . i 1
deviation of the separatrix orbit 0o ]
. . o
is called the bucket height. 8573 .
0 . [ ]
[ 22V \'? 2Q: -, .« | O° .
oB=|———— } I:(‘j);] — — (0g). 0.5 =
w3-Eh|n| h|n| 0.4 -
Ly 0.3 —
T — 20 - 0.2
Y (ds) = |cos ¢ — : ® sin Oy 0.1 - m
V. : " e,
” 0 . . — -
- T — 20 & i
Y(os) = |1 — 5 - tan ¢ i 0.5 @, (rad)1 L




