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Phase space. The full set of coordinates and momenta of particle (or a ensemble of 
particles) {qi,Pi} is called phase space. Naturally dimension of the phase space is always 
even: 2,4,6.., 2n. While motion in the coordinate space {qi} can be rather arbitrary, the 
same motion in the phase space satisfies a number of very strong constrains, e.g. there is 
a number of invariants.  

Location or motion of particles in the phase space are called phase-space plots or phase-
space diagrams. Naturally we usually can plot on the paper or show on the screen only 
one coordinate and one momentum – hence, you usually see phase plot for 1D case, or 
for projections of multi-dimensional phases space plot on one plane. 
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It is hard to draw 6D phase space distribution in PPT..  but  it is easy to 
draw 2D projections 
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Incompressible phase-space liquid 
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What we learned today? 
•   Using 2n dimensional coordinate-momentum phase space with simplistic metric is 

a natural way of studying Hamiltonian systems 
•  Trajectory originated at two different points of phase space will never cross  
•  Volume of the phase space occupied by ensemble of particles frequently called 

emittance 
–  More rigorous definition of emittance will given later in the course  

•  Instead of studying individual particles trajectories, we can introduce, generally a 
non-linear, map of the phase space on itself 

•  This map is locally symplectic, which immediately gives us n(n-1) invariants of 
motion 

•  A second order Hamiltonian generates 2n s-dependent linear equation, which have 
a solution in form of linear 2nx2n matrix, which is (naturally) is symplectic 

•  Symplecticity of matrix provides n(n-1) conditions on matrix element and allows 
easily to write inverse matrix – the late is the major advantage for any analytical 
studies 
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In next class we will find a very general way of calculating the transport matrices 


