
PHY 554
Fundamentals of Accelerator Physics

Lecture 13: Synchrotron motion

Stable conditions for longitudinal motion in accelerators











Linearization – Small-amplitude synchrotron oscillation

• Let ψ = φ − φs and assume |ψ| ≪ 1.

• Expand the RF voltage around the synchronous phase.

• Combine the two first-order equations into a second-order equation.

stability requires  η cosφs < 0



The sign of η decides where the stable phase is

phase stability condition

η cos φs < 0

• Below transition: γ < γT, so η < 0.

• Stable acceleration uses 0 < φs < π/2.

• Above transition: γ > γT, so η > 0.

• The stable accelerating phase shifts to 

π − φs.

Potential well for different η 







In what we derived,



• The separatrix passes through the unstable fixed 

point.

• Turning points determine the bucket length.

Separatrix = last stable longitudinal trajectory



Phase Space Area
Examples and Evolution I

A Matched case

(Perfect injection):

Initial conditions match:
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Phase Space Area
Examples and Evolution II

An unmatched case
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Phase Space Area
Examples and Evolution III

Time jitter at 

injection, other wise 

same as the matched 

case:

The phase error is:

f
err
= p / 4



What we should remember from Lecture 13

• RF cavities provide phase-dependent energy kicks: ΔE 
∝ sinφ.
• The slip factor η converts energy error into arrival-time 
error.
• Small-amplitude motion is harmonic when η cosφs < 
0.
• The synchrotron tune scales like sqrt(h V |η cosφs| / E).
• Large-amplitude nonlinear motion is organized by RF 
buckets and separatrices.
• Bucket area and bucket height describe longitudinal 
acceptance.

core equation

only after linearization

RF force + phase slip = longitudinal focusing
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