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Hill’s equations (derivatives w
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Higher order m
agnet, 

usually field errors 

Solution of Hill’s equations X(s), X’(s) form
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For h
s =1 or ρ=∞

, one obtains the m
ultipole expansion: 

For tw
o dim

ensional m
agnetic field, one can expand the m

agnetic field using Beth 
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The evolution of the betatron am
plitude function in a drift space is 
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alized phase space coordinates w
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norm
alized em

ittance ε
n =εβγ is invariant w

hen beam
 energy is changed.  

Adiabatic dam
ping – beam

 em
ittance decreases w
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hich applies to beam
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ittance in linacs.  

 In storage rings, the beam
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ittance increases w
ith energy (∼
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ittance is proportional to γ
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Effects of Linear M
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Tune shift, or tune spread, due to chrom
atic aberration: 
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Chrom
aticity m

easurem
ent: 

The chrom
aticity can be 

m
easured by m

easuring 
the betatron tunes vs 
the rf frequency  

The chrom
aticity can be obtained by 

m
easuring the tune variation vs the 

bending-m
agnet current at a constant rf 

frequency. M
ay not apply for com

bined 
function m

agnets 
M

. Yoon and T. Lee, 
RSI 68, 2651 (1997) 

M
. Yoon and T. Lee, 

RSI 68, 2651 (1997) 



Contribution of low
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•
In order to m
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L
dip θ

2+
O
(θ

4)

N
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Exam
p
le 1

: b
u
n
ch

 com
p
ressor

W
ith

ou
t con

sid
erin

g an
y n

on
lin

ear effects, an
 in

itially ch
irp

ed
 

b
u
n
ch

 exp
erien

ces lin
ear rotation

 in
 ch

ican
e, resu

ltin
g in

 a 
sh

orter b
u
n
ch

 len
gth

 at th
e exit of th

e ch
ican

e. 
Is th

is real?

N
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Exam
p
le 1

: b
u
n
ch

 com
p
ressor

A
 m

ore realistic case, 
b
u
n
ch

 h
as ch

arge

A
fter ad

d
 th

e w
akefield

in
to con

sid
eration

, th
e n

ice lin
ear b

u
n
ch

 
d
istrib

u
tion

 b
ecom

es a b
ird

ie sh
ap

e, w
h
ich

 d
eteriorates th

e 
b
eam

 q
u
ality as w

ell as resu
lts in

 m
akin

g th
e ch

ican
e less 

efficien
t in

 b
u
n
ch

 com
p
ression

 . 

N
onlinear	dynam

ics



E
xam

p
le 2

: storage rin
g

W
e kn

ow
 in

 a storage rin
g, a p

article w
ith

 action
 J p

ossesses an
 

ellip
tical m

otion
 in

 th
e p

h
ase sp

ace. Its tu
n
e d

eterm
in

es h
ow

 
m

an
y tu

rn
s it travels alon

g th
e ellip

se d
u
rin

g on
e b

eam
 

revolu
tion

. If w
e p

lot th
e p

h
ase sp

ace w
ith

 n
orm

alized
 

coord
in

ates (x, P
x ), it is a circle.

X’

X

N
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E
xam

p
le 2

: storage rin
g

Trackin
g resu

lts sh
ow

 th
at w

ith
 th

e existen
ce of n

on
lin

ear 
m

agn
ets (sextu

p
oles, for exam

p
le), th

e ellip
ses in

 p
h
ase sp

ace 
d
eform

s in
to a trian

gu
lar sh

ap
e. A

 stab
le region

 also form
s 

w
h
ere th

e p
articles in

sid
e are stab

le (con
fin

ed
 in

 p
h
ase 

sp
ace)an

d
 p

articles ou
tsid

e are u
n
stab

le an
d
 d

riftin
g in

 p
h
ase 

sp
ace (m

ay cau
se real b

eam
 loss). 

N
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N
on

lin
earities in

 accelerator 
can

’t b
e avoid

ed
From

 ab
ove exam

p
les, w

e can
 see:

�
N

on
lin

ear effects are im
p
ortan

t in
 m

an
y d

iverse accelerator system
s, 

an
d
 can

 arise even
 in

 system
s com

p
risin

g elem
en

ts th
at are often

 
con

sid
ered

 “lin
ear”.

�
N

on
lin

ear effects can
 occu

r in
 th

e lon
gitu

d
in

al or tran
sverse m

otion
 of 

p
articles m

ovin
g alon

g an
 accelerator b

eam
 lin

e.

�
To u

n
d
erstan

d
 n

on
lin

ear d
yn

am
ics in

 accelerators w
e n

eed
 to b

e ab
le 

to con
stru

ct d
yn

am
ical m

ap
s for in

d
ivid

u
al elem

en
ts an

d
 com

p
lete 

system
s an

d
 an

alyze th
ese m

ap
s to u

n
d
erstan

d
 th

e im
p
act of 

n
on

lin
earities on

 th
e p

erform
an

ce of th
e system

.

�
If w

e h
ave an

 accu
rate an

d
 th

orou
gh

 u
n
d
erstan

d
in

g of n
on

lin
ear 

d
yn

am
ics in

 accelerators, w
e can

 attem
p
t to m

itigate ad
verse effects 

from
 n

on
lin

earities.

N
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C
an

on
ical tran

sform
ation

C
an

on
ical tran

sform
ation

 is a tran
sform

ation
 from

 a set of can
on

ical 
variab

les to an
oth

er. For exam
p
le, th

e n
ew

 set of variab
les X

 is tran
sform

ed
 

b
y an

 existin
g set of can

on
ical variab

les x b
y:

th
e n

ew
 set of variab

les ob
eys H

am
ilton

’s eq
u
ation

s

an
d
 w

e call X
 can

on
ical variab

les. P
lease n

ote th
at from

 th
e d

efin
ition

 of 
can

on
ical tran

sform
ation

, it is n
atu

rally sym
p
lectic. 

In
 accelerator p

h
ysics, it is often

 con
ven

ien
t to tran

sform
 th

e cartesian
coord

in
ates (x, p

x, y, p
y) in

to th
e action

-an
gle variab

les (J, Φ
).

∂X∂x
=
A,

and
A
TJA

=
J

X
=
X
(x)

X
=
J
∂H∂X

N
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G
en

eratin
g fu

n
ction

H
ow

 to con
stru

ct th
is can

on
ical tran

sform
ation

? 

T
h
e gen

eratin
g fu

n
ction

s (e.g. 1
stkin

d
) are u

sed
 to tran

sform
 th

e 
coord

in
ates q

i to Q
i:

th
u
s th

e m
om

en
ta con

ju
gates read

: 

an
d
 th

e H
am

ilton
ian

 b
ecom

es:

W
e exp

ect b
y ap

p
lyin

g th
is tran

sform
ation

, th
e H

am
ilton

ian
 h

as sim
p
ler 

form
 as it is easier to solve. For exam

p
le: 

w
ith

                       b
ecom

es

F
1 =

F
1 (q

i ,Q
i ,t)p

i =
∂F

1

∂q
i ,

P
i =
−
∂F

1

∂Q
i

H
=
H
+
∂F

1

∂t

H
=
p
2+

q
2−
4pq

2+
4q

2
F
1 =

qQ
−
2q

3
H
=
P
2+
Q
2

A
 sim

p
le h

arm
on

ic oscillator!!

N
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A
ction

-an
gle variab

les
T
h
e action

 an
gle variab

le (J, Φ
) is d

efin
ed

 as:

w
h
ere (α,β,γ) are Tw

iss
p
aram

eters. 
T
h
e action

 an
gle variab

le is very im
p
ortan

t for lin
ear b

eam
 d

yn
am

ics. A
s 

w
e all kn

ow
, for lin

ear d
yn

am
ics, it h

as p
rop

erties

u
sin

g a gen
eratin

g fu
n
ction

an
d
 th

e H
am

ilton
ian

 red
u
ces to                  n

ote th
is H

 is s d
ep

en
d
en

t!  

2J
z =

γ
z z
2+
2α

z zz'+
β
z z' 2,

tanφ
z =

−α
z −
β
z z'z

dJ
z

ds
=
0,

dφ
z

s
=
1β
z

H
=
J
z

β
z

F
1 (z,φ

z )=
−
z
2

2β
z (tanφ

x +
α
x )

N
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A
ction

-an
gle variab

les
To stu

d
y n

on
lin

ear d
yn

am
ics, it is m

ore u
sefu

l to fu
rth

er con
stru

ct a 
H

am
ilton

ian
 th

at is s in
d
ep

en
d
en

t w
ith

 can
on

ical tran
sform

ation
. C

on
sid

er 
a gen

eratin
g fu

n
ction

 of 2
nd

kin
d

w
h
ere θis

th
e an

gle of referen
ce orb

it. T
h
e con

ju
gate coord

in
ates can

 b
e 

exp
ressed

 as 

T
h
e n

ew
 H

am
ilton

ian
 b

ecom
es

Fu
rth

er ch
an

gin
g th

e coord
in

ate from
 s to θred

u
ces

th
e H

am
ilton

ian
 to

F
2 (φ,J)=

(φ
−

dsβ
+
νθ

0 s∫
)J

H
=
H
+
∂F

2

∂s
=
νJR

φ
=
φ
−

dsβ
+
νθ

0 s∫
,

J
=
J

H
=
R
H
=
νJ

z
=
2βJ

cosΦ
Φ
=
φ
+

dsβ
−
νθ

0 s∫
=
φ
+
χ
−
νθ

N
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Treatm
en

ts of n
on

lin
earities

A
 n

u
m

b
er of p

ow
erfu

l tools for an
alysis of n

on
lin

ear system
s can

 b
e 

d
evelop

ed
 from

 H
am

ilton
ian

 m
ech

an
ics to d

escrib
e th

e m
otion

 for a 
p
article m

ovin
g th

rou
gh

 a com
p
on

en
t in

 an
 accelerator 

b
eam

lin
e:(tru

n
cated

) p
ow

er series; Lie tran
sform

; (im
p
licit) gen

eratin
g 

fu
n
ction

.

H
am

ilton
ian

 is u
su

ally n
ot in

tegrab
le. H

ow
ever, if th

e H
am

ilton
ian

 can
 b

e 
w

ritten
 as a su

m
 of in

tegrab
le

term
s, an

 exp
licit sym

p
lectic

in
tegrator th

at 
is accu

rate to som
e sp

ecified
 ord

er can
 b

e con
stru

cted
 to solve th

e 
system

.

For a storage rin
g, W

e m
ain

ly d
iscu

ss tw
o ap

p
roach

es to an
alyze n

on
lin

ear 
d
yn

am
ics:

1
.

C
an

on
ical p

ertu
rb

ation
 m

eth
od

 w
h
ere n

on
lin

ear term
s are treated

 as 
p
ertu

rb
ation

 to th
e lin

ear H
am

ilton
ian

 (m
ay n

ot give correct p
ictu

res 
w

h
en

 n
on

lin
ear m

agn
ets are stron

g)
2
.

N
orm

al form
 an

alysis, b
ased

 on
 Lie tran

sform
ation

 of th
e on

e-tu
rn

 m
ap

 
(esp

ecially u
sefu

l w
h
en

 d
ealin

g w
ith

 reson
an

ce d
rivin

g term
s an

d
 

d
yn

am
ic ap

ertu
re p

rob
lem

s)
N
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P
ertu

rb
ation

 treatm
en

t
T
h
e H

am
ilton

ian
 for a lin

ear system
 in

 action
 an

gle variab
le (J, Φ

):

th
e n

on
lin

ear elem
en

ts’ con
trib

u
tion

 can
 b

e w
ritten

 as 

w
h
ere ε

is a sm
all p

aram
eter. P

lease n
ote th

at th
e p

ertu
rb

ation
 V

 from
 

n
on

lin
ear elem

en
t is also a p

eriod
ic fu

n
ction

 of th
e circu

m
feren

ce L. T
h
u
s 

it is u
su

ally con
ven

ien
t to exp

ress it in
 term

s of a su
m

 over d
ifferen

t 
ord

ers:

an
d
 treat th

em
 ord

er b
y ord

er (m
 b

ein
g th

e ord
er of n

on
lin

ear term
).

V
(φ,J,s)=

V
m (J,s)e

im
φ

m ∑ H
=
ν
J

H
=
νJ

+
εV
(φ,J,s)=

H
0 +
εV
(φ,J,s)

N
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N
onlinear resonances: sextupole field 

ρ
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Q
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S
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Hill’s equations 



P
ertu

rb
ation

 treatm
en

t for 
q
u
ad

ru
p
ole

error
Lets first ap

p
ly it to th

e lin
ear case (takin

g a q
u
ad

ru
p
ole

error as an
 

exam
p
le). A

ssu
m

e w
e h

ave a sm
all q

u
ad

ru
p
ole

field
 error k(s), th

e 
H

am
ilton

ian
 (for h

orizon
tal m

otion
) read

s:

If tran
sform

ed
 in

to action
 an

gle variab
les, it read

s:  

th
u
s th

e term
 H

0
(in

d
ep

en
d
en

t of Φ
) is

an
d
 th

e tu
n
e b

ecom
es

T
h
e ch

an
ge of tu

n
e

H
=
12
x' 2+

K
x x

2
(

) +
k(s)x

2

2

H
=

Jβ(s) +
12
k(s)β(s)J(1

+
cos2Φ

)=
H
0 +
12
k(s)β(s)Jcos2Φ

x
=
2β(s)J

cosΦ

H
0
=

Jβ(s) +
12
k(s)β(s)J

ν
=
12π

dHdJ
ds
=

∫
12π

1β(s) +
12
k(s)β(s)

"# $
%& ' ds

∫

Δ
ν
=
14π

k(s)β(s)ds
∫

✔
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P
ertu

rb
ation

 treatm
en

t for 
sextu

p
ole

W
e can

 follow
 th

e sam
e p

roced
u
re to d

eal w
ith

 th
e H

am
ilton

ian
 for 

sextu
p
oles:

w
h
ere k2

(s) is th
e sextu

p
ole

grad
ien

t. Tran
sform

 it in
to action

-an
gle 

variab
les, w

e h
ave

U
sin

g trigon
om

etry

It b
ecom

es

H
=
12
x' 2+

K
x x

2+
y' 2+

K
y y

2
(

) +
16
k
2 (s)

x
3−
3xy

2
(

)

x
=
2β

x J
x cosΦ

x
y
=
2β

y J
y cosΦ

y

V
=
16
k
2 (s)

2
2β

x 3/2J
x 3/2
3cos

3Φ
x −
6
2β

x 1/2β
y J

x 1/2J
y cosΦ

x cos
2Φ

y
(

)
cos

3φ
=
cos3φ

+
3cosφ
4

,
cos

2φ
=
cos2φ

+1
2

V
=

212
k
2 (s)β

x 3/2J
x 3/2
3(cos3Φ

x +
3cosΦ

x )

−
24
k
2 (s)β

x 1/2β
y J

x 1/2J
y
2cosΦ

x +
cos(Φ

x +
2Φ

y )+
cos(Φ

x −
2Φ

y )
(

)

Φ
=
φ
+
χ
−
νθ
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P
ertu

rb
ation

 treatm
en

t for 
sextu

p
ole

From
 h

ere w
e alread

y see th
e con

trib
u
tion

 of a sextu
p
ole

to d
ifferen

t 
freq

u
en

cies (tu
n
es). To see sextu

p
ole’s

d
ifferen

t m
od

es’ con
trib

u
tion

, it is 
con

ven
ien

t to exp
an

d
 th

e p
ertu

rb
ed

 p
oten

tial in
 Fou

rier series as stated
 

earlier

w
h
ere G

 is th
e Fou

rier tran
sform

 of th
e p

ertu
rb

ed
 p

oten
tial in

d
u
ced

 b
y 

sextu
p
oles. N

ote th
at th

is in
tegral take ou

t th
e χ

an
d
 ν

from
 th

e exp
ression

 
of H

am
ilton

ian
. 

T
h
is G

 can
 b

e evalu
ated

 ord
er b

y ord
er, e.g. G

3
,0

,l (w
h
ich

 is corresp
on

d
en

t 
to                 reson

an
ce) read

s:

G
=
12π

V
m (J,s')e

i(m
χ
−m

νθ
+lθ
)ds'

∫
l
∑

G
3,0,l =

2
24π

k
2 (s)β

x 3/2e
i(3

χ
x −3ν

x θ
+lθ
)

 ∫
ds

3ν
x
=
l
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P
ertu

rb
ation

 treatm
en

t for 
sextu

p
ole

T
h
e H

am
ilton

ian
 (in

 orb
it an

gle θ) can
 b

e w
ritten

 as

w
h
ere G

’s d
rive th

e corresp
on

d
en

t reson
an

ces an
d
 …

 d
rives p

aram
etric 

reson
an

ce 

H
=
ν
x J

x +
ν
y J

y +
G
3,0,l J

x 3/2cos(3φ
x −
lθ)

l
∑

+
G
1,2,l J

x 1/2J
y cos(φ

x +
2φ

y −
lθ)+

l
∑

G
1,−2,l J

x J
y 1/2cos(φ

x −
2φ

y −
lθ)

l
∑

+…

ν
x =

l

N
onlinear	dynam

ics



•
Param

etric Resonances: m
ν

x,y =ℓ, ℓ=integer. 
•

Coupling resonances: 
9

Linear: ν
x -ν

y  = ℓ – skew
 quadrupoles; solenoids; vertical closed orbit in 

sextupoles  
9

Sum
 resonances: m

ν
x +nν

y =ℓ: O
rder of resonance = m

 + n 
9

Difference resonances: m
ν

x -nν
y =ℓ 

R
esonances 



R
eson

an
ce lin

es in
 tu

n
e sp

ace

v
x

v
y

v
x

v
y

U
p
 to 4

th
ord

er

U
p
 to 8

th
ord

er
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Fixed
 p

oin
ts an

d
 sep

aratrix
S
tab

le an
d
 u

n
stab

le fixed
 p

oin
ts are th

e p
oin

ts in
 p

h
ase sp

ace w
h
ere 

p
article can

 stay th
ere in

d
efin

itely (w
ith

ou
t an

y p
ertu

rb
ation

). C
on

sid
erin

g 
th

e m
od

e              , w
ith

 gen
eratin

g fu
n
ction

T
h
e H

am
ilton

ian
 b

ecom
es

S
olve for u

n
stab

le fixed
 p

oin
ts

G
ives 3

 solu
tion

s

U
FP

s d
efin

e sep
aratrix

(th
e b

ou
n
d
ary of stab

le region
)

3ν
x
=
l

F
2
=
(φ

x −
l3 θ)J

φ
=
φ
x −

l3 θ,
J
=
J
x

H
=
δJ

+
G
3,0,l J

3/2cos3φ,
δ
=
ν
x −

l3
dJdθ

=
dφdθ

=
0

p
roxim

ity

J
U
FP
1/2

=
2δ3G

φ
U
FP
=
0,±2π

/3,
if

δ
/G

<
0

φ
U
FP
=
±π
/3,π

if
δ
/G

>
0

Triangle changes d
irection w

hen 
at d

ifferent sid
es of resonance
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Fixed
 p

oin
ts an

d
 sep

aratrix
S
tab

le an
d
 u

n
stab

le fixed
 p

oin
ts are th

e p
oin

ts in
 p

h
ase sp

ace w
h
ere 

p
article can

 stay th
ere in

d
efin

itely (w
ith

ou
t an

y p
ertu

rb
ation

). C
on

sid
erin

g 
th

e m
od

e              , w
ith

 gen
eratin

g fu
n
ction

T
h
e H

am
ilton

ian
 b

ecom
es

S
olve for u

n
stab

le fixed
 p

oin
ts

G
ives 3

 solu
tion

s

U
FP

s d
efin

e sep
aratrix

(th
e b

ou
n
d
ary of stab

le region
)

3ν
x =

lF
2
=
(φ

x −
l3 θ)J

φ
=
φ
x −

l3 θ,
J
=
J
x

H
=
δJ

+
G
3,0,l J

3/2cos3φ,
δ
=
ν
x −

l3
dJdθ

=
dφdθ

=
0

p
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Thus particle m
otion in existence of sextupole fields can be tracked thru a 

com
bination of linear transfer m

ap M
(s1 ,s2 ) and a local kick in the x’ w

hich is 
proportional to the integrated sextupole field strength.  

N
orm

alized phase space plots at a tune below
 (left) and above (right) a third order 

resonance driven by a single sextupole m
agnet. Four particles w

ith various initial  
actions w

ere used in the tracking. The integrated sextupole strength is S = 0.5 m
-2 

w
ith lattice param

eters β
x  = 20 m

 and α
x  = 0.   



It appears that sextupoles w
ill not produce resonances higher than the third order. 

How
ever, strong sextupoles are usually needed to correct chrom

atic aberration. 
Concatenation of strong sextupoles can generate high-order resonances such as 
4ν

x , 2ν
x ±

2ν
y , 4ν

y , 5ν
x ,…

etc. The figure below
 show

s the phase space plots of the 
single sextupole m

odel at ν
x  = 3.7496 and ν

x  = 3.795, i.e. a single sextupole can 
also drive the 4

th and 5
th order resonances. The largest phase space m

ap m
arks 

the boundary of stable m
otion.  



Resonance lines in tune space 
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Lattice Design Strategy 

Based on our study of linear betatron m
otion, the lattice design of accelerator can 

be sum
m

arized as follow
s. The lattice is generally classified into three categories: 

low
 energy booster, collider lattice, and low

-em
ittance lattice storage rings. 

•
The betatron tunes should be chosen to avoid system

atic integer and half-
integer stopbands and system

atic low
-order nonlinear resonances; 

otherw
ise, the stopband w

idth should be corrected. 
•

The betatron am
plitude function and the betatron phase advance betw

een 
the kicker and the septum

 should be optim
ized to m

inim
ize the kicker angle 

and m
axim

ize the injection or extraction efficiency.  
•

Local orbit bum
ps can be used to alleviate the dem

and for a large kicker 
angle. Furtherm

ore, the injection line and the synchrotron optics should be 
properly “m

atched” or “m
ism

atched” to optim
ize the em

ittance control.  
•

To im
prove the slow

 extraction efficiency, the β value at the (w
ire) septum

 
location should be optim

ized. The local vacuum
 pressure at the high-β value 

locations should be m
inim

ized to m
inim

ize the effect of beam
 gas scattering. 



•
The chrom

atic sextupoles should be located at high dispersion function 
locations. The focusing and defocusing sextupole fam

ilies should be located in 
regions w

here βx ≫
 βy, and βx ≪

 βy respectively in order to gain independent 
control of the chrom

aticities. 
•

It is advisable to avoid the transition energy for low
 to m

edium
 energy 

synchrotrons in order to m
inim

ize the beam
 dynam

ics problem
s during 

acceleration. 
 Besides these design issues, problem

s regarding the dynam
ical aperture, 

nonlinear betatron detuning, collective beam
 instabilities, rf system

, vacuum
 

requirem
ent, beam

 lifetim
e, etc., should be addressed. 


