PHY 554

Fundamentals of Accelerator Physics

Lecture 5: Floquet Transformation

Centroid

From Hill's equation to tune, Twiss functions, normalized
phase space, and the Courant-Snyder invariant.



Today’s class: turn matrices into optics

» Review Hill's equation, transfer matrices and
the FODO cell.

» Clarify when the thin-lens approximation is
useful and when it is not.

» Use Floquet theorem for periodic focusing
systems.

» Connect Floquet functions to Courant-
Snyder parameters.

» Define betatron tune and phase advance.
 Transform to normalized phase space and
introduce the Courant-Snyder invariant.

Hill's equation — Floquet form — tune —
invariant

Goal: assign physics meanings to beta, alpha and more.
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Floquet transformation: X"+K(5)X =0
1

. 1 '
N e Y ) T K () = W= —
X(5) = aw(s)e w'+ K(s)n 7 0 W W

What is the transfer matrix M(s,,s,)? (X(-“:) J: ‘,H(“.‘I)[X(ﬂ)
Wy=\y,+1, where p is the phase advance. X'(s,) S olx G,

M{(s,,5,) ={

:‘7. €OS ¢t — w,wsin g w,w, sin g ]

L wywiwgwh woowh Meos W, Si
- smy—(:—“—__)cos,u o COS t+ wyw, sin 1

f
W =W, W=W,, Y-y =

cosp—wwsing  w?sin cos® +asin®  Bsind
M(s) = ! =3

—(l+w?)sing  cosu+wwsin u —ysind cos® — asind

l+a*
5

o

Bls)=w', a=- ;,b", r= wis)=/B(s), w(s) =iﬁL<iv

Lecture 5



Particle Position

What we learned: Frenet-Serret coordinates (x,y,s)
: . o S
Hill’s equations (derivatives w.r.t. s) -
X +K (s)x== 3 =, ¥y +K (s)y=
P Reference Orbit
B
K, (s) K, (s)=+—1-
Higher order magnet, ) ct
. _ usually field errors 0=—-= ﬁ—
Natural focusing from Focusing from R R
dipoles (curvature) quadrupoles

Solution of Hill's equations X(s), X'(s) form a coordinate set and can be transformed thru
matrix representation

X(s) (X (s,)
| =M(s,s,)| _, X canbe xory
X'(s) X (5))
‘M (S._,SD)‘ =1 Trace(M (s, Sﬂ))‘ <2

Stable solution conditions
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Today we ask: what does this matrix mean?
Courant-Snyder parameterization

cos®+asin® Fsin® _
(5)= ) _ =[cosD+.Jsnd
—-ysm®P cosP -asmP

1 0 o
I=( ] J=( p ], Ji==I, or fy=1+a’
0 1 -y -a

Where a,B,y,¢ are functions of s and describes position dependent beam properties.

cosv K/ %Tsinv/E(‘ 1 0
—\/’fsinﬂf cosv’E(f —lfff 1

Focusing quadrupole: M(s,s,) =[

¢ d | M(s.s.) cosh /| K |/ —=sinh /| K |¢ 1 0
Defocusing quadrupole: 5,8,) = _ g —:-( ]
VK sinh K¢ cosh[K ¢ lf 1
oS psin— 1/
Dipole: K=1/p? M(s,s,) = L | —
——sin+ cos— 0 1
@ 2 il
| 4
Drift space: K=0 M(s,s,) = .
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Example: FODO cell A FODO cell is a basic block in beam

transport, where the transfer matrices for
dipoles (B) can be approximated by drift
ﬂ ﬂ spaces, and QF and QD are the focusing

and defocusing quadrupoles.

QF /2 B QD B QF/2

FODO CELL
I 0\/1 Li\/1 0\/1 L 1 0
M= ()l )G Y6 ) )
—3; 1/\0 1 7 1/\0 1 —37 1

Bf

This lecture now generalizes

cos® +asin® Fsind from one ideal cell to
M(s) = [ ] arbitrary periodic focusing.

—ysin® cosP - asinP
cos d =1 Tr(M) 2L,(1+ f) 2L (1+sin )
Lz (D L p= sin @ sin®
cosP =1- sin a=0

21 2 2f
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How good is the thin-lens approximation?

* Thin-lens formulas are excellent for Lg=Im, K;=Im>, L,;=3.5m
scaling and intuition. S

» They assume the magnet length is
negligible compared with the cell length.
* Finite-length magnets and strong
focusing require thick-lens matrices or
numerical optics.

» Use thin lenses to see trends; use full r feaest =
matrices for design and comparison % -

beta_xy (m), eta*10 (m)

. . . Z-axis (m)
with simulation.

L8O

t:z Thinlens « /
In this FODO cell with Lg=1.0 m, 100 deg - ;
L_dipole=2.0 m, drift length of 0.25 m, and 80 ,./
thus L1=3.5 m. Thin lens approximation is © /,/5'
good except when the focusing strength is v
high. The percentage error in phase 3 /
advance at high focusing gradient can be o o1 02 03 04 05 06
larger than 11% K (m™)
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Floquet Theorem

We consider the linear Hill’'s equation of motion X" + K(s)X = 0,where X(s) and X'(s)
are conjugate coordinates, K(s) is the focusing function, and the prime is the
derivative with respect to the independent variable s. In many accelerator
applications, K(s) is a periodic function of s with period L, i.e. K(s+L)=K(s). Floquet
theorem states we can express the solution in amplitude and phase functions
which satisfy a periodic boundary condition similar to that of the potential

function K(s), i.e.
X(s)=aw(s)e’", w(s)=w(s+L), yw(s+L)-y(s)=2mu

where the phase advance i in one period is independent of s. Using the Floquet
transformation on Hill’s equation, we get the differential equation

2wy +wy" =0, w4+ K(s)w-wy'> =0

| " ds , ]
'lﬂ _Fn zp_{?a W +K(S)W—¥—O
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Floquet transformation: X"+K(s5)X =0
1 ;1

= JY(s) w + K(s)w—-—=0 -
X(s)=aw(s)e (5) 3 V="
What is the transfer matrix M(s,,s,)? (X (5,) ) - M(s,.5, )( X(5) )
v,=Vy,+u, where p is the phase advance. X'(s,) X'(s))
LoCOS U — Wyw sin u ww, sin u
M (32 ? Sl) - L+ Wiy Wy Wi hid F a1
— s pu— (5 —S2)cos u y, COSU+WW, S U
! !
W =W,, W =W, Y,-y=U
cosp—ww'sinu s ® + asin® in®d
M(s) = , " U wsmu N o [ 08 . asm fsin |
—(I+w7)sinu  cosu+ww sinu —ysin®d cos® — asnd
L, l+a’ 1
Bls)=w", a= —Eﬁ, r=—g w(s) =/B(s), ¥(s) =f/j—ds

Lo ikg-Ln+By- _KB- L+
S KB - l1+(71=0 or @' =Kp -1+
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H—;

COSY —w, W, siny W1W2 SN g
W) W “1 1:? ) Cosw
=w(s,), W, = W(Sz)a w = Wr(Sl)a wy = W(s,)

The transfer matrix from s, to s, in any beam transport line becomes

+(cos u +a sin ) Wsiny

M(s,,5,) B a, - a,

W
M(s,,s,)=]|

]+ulu|‘r1muq

[ ﬁj

T T,
\/E 0 . (1 0 )
| VA,

| ( cosu sSinu )
= a, :
— —— |\ —-smu cosu o, (o
/ Jﬁz = A ﬁl
/52 \ [)’1 )
* Between any two locations, the map can be written using the Twiss
parameters at both locations and the phase advance between them.

 This separates local scale factors from a simple rotation.
* This is the practical reason beta functions are so useful.

cos u

(cus,u a, Sin u)
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The amplitude function 1s w(s) =/ B(s)

_ s ds
y(s) = ay/By(s) cos[iy(s) + &) with ¥yu(s) = [ -
‘ ‘ . ‘ 0

By(s)
Betatron tune (v, or Q,.): The number of 1 (ds
betatron oscillations in one revolution. Qy = vy = 2 J' B,
200 " T, TS
ng&nt sources
g 100 {— =
. 50| 2 ¥
[ x _
3 © oo x
ﬁ < X e
S 20 [N X —
2 X While beta and alpha
10 = OC’ X E are local functions of
X ] :
- X - s, the tune is a global
° x HE accelerators {  quantity.
2 « —
8 | | |
ot 10% 109 104 109

Circumference (m)
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Floquet theorem: Many accelerator components obey the periodic
condition: K(s+L)=K(s). The solution of Hill’s equation 1s periodic.
In matrix representation, we obtain

M(s,+L|s;)=M,M, M, ,...M,M ,=M(s,)
M(s,tL[s,)=M,M,M, M, ,...M,=M(s,)=M,M(s;)M, !

Each matrix 1s a product of identical number of matrices. They are
related by similarity transformation. The eigen-values of the periodic
matrix M(s;) are 1dentical.

M(Sz) = M(Sz |S1 )M(S1 )[M(Sz ‘ S )]_1

Local Twiss functions change; phase advance per period does not.
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With the similarity transformation of the transfer matrix,
-1
M(s,)=M(s, |s)M(s)[M(s, |s,)]

the values of the Courant-Snyder parameters a,, B,, y, at s, are related to a,, B, y, at s, by

@ p

M(s,) =1 cosD +
—V: — &

)sind} =/cos®+J,smP

o
M(sl)=lcos(1>+( B )sind)=lcos(1>+J,sin(D
= TG

J,=M(s, |s,)J,[M(s, |S1)]_]

({1‘2 182 )=(M11 Mu)(cﬁ 151 )( Mzz _Mu)
—V, —& le Mzz -V TG _le Mn

ﬁ Mlzl _2M11M12 Mﬁz /6
a)| = _Mllel M11M22+M12M21 _Mlezz 24
Y ), Mjl -2M M, Mé?z I

M. is the ij-th component of the matrix M(s,,s,)
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13 MIEI _2M11M12 Mﬁz 16
al =|-MM, MM,+M,M, -MM,|«a

2

2 2
Y ], 21 -2MM,, M, I
1. The evolution of the betatron amplitude function in a drift space is

B =Ly (s-ty g 85
14 Y\ B
(Ls‘_L?*) _ _ ].
ﬁ* 3 J/Z J/l ﬁ*

Note that y is constant in a drift space, and s*=a,/y, is the location for an extremum of
the betatron amplitude function with a(s*) =0

O, =0 — V8 =-—

2. Passing through a thin-lens quadrupole, the evolution of betatron function is

b,=p, a=q +%: 3’2=J’1+2;I.1 +1f812

where f is the focal length of the quadrupole. Thus a thin-lens quadrupole gives rise to
an angular kick to the betatron amplitude function without changing its magnitude.
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Floquet transformation:

.V"+Ky=£ xﬂ+Kr(S)x__ABz . Z"+K_(S)Z=$&Bx
Bp | Bp ) Bp
Define the normalized coordinate 7 = s @ = l id-;

JB' p

dz —Vﬂ dVﬁ —v ﬁSZ ”+’V lﬂﬁ”+ ﬁ’z y
i T s -;\F Y 2 4 (B
=Vzﬂ3;‘2§_vzi
Bp B
2
d ~N+V ?7 1% ,832&
Bp
dz
If AB=0, we find r 2?]+1/277=0

A simple harmonic oscillator
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X"+K(s)X =0
Since X(s)= aﬁfﬁ(s)cos(?/}(‘?)+?/}0) with (s) = f

,6 p(s)
Thus X' =-—(tany - —
,6( ny
—[X2+(,6X’+aX) ]—ﬁsec —a—2=J
23 23 V=7 s

X =42p8] cosy, X' =- 2?J(sim,[}+¢:xc-13rsz,l})

Define: PX =)8XF+OEX=—1('2)8] S]Ill/)

(X,P,) form a normalized phase space coordinates with
X?+P,?=28J, here Jis called action.
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Courant-Snyder Invariant

X2 +2aXX + BX" =é[)f +(aX + B =20 = ¢

Centroid

Questions:

1) When we have two particles with different action J, and J, = 2J,, what will
their ellipses look like?

2) Will the ellipses intersect with each other?
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What beta and alpha do to the ellipse

B St ]l || S
. g fy=10m ey
. *++‘J:107T,u.mx(><“ i
L R e, Lileesetertesi 71 e Beta controls the maximum
Tk ?§ } {1 coordinate excursion: X_max scales
¢ | .o w1 assgri(beta* epsilon).
= e 2 08 & ¥ } — + Gamma controls the maximum
T L N LoLetto«® 1 angular excursion: X'_max scales as
; 30 g i i ::?:fu;u 0 : sqrt(gamma*epsilgn). |
_al g=—1 o e % v % . Alphg tilts the ellipse by coupling
g oy - 1 coordinate and angle.
i xa:_g “yTTE e 4 1 < Areais linearly proportional to the
oo o 1% v v v L v w1y w41 action J (A= 2*beta*d)
—1C 0 10
y (mm)

Key take-away: beta is not a particle property. It is an
optical property of the lattice location. While action J is
the particle property and stays invariant over lattice
location.
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SUMMARY

What to remember from Lecture 5

» Periodic focusing systems allow Floquet solutions: periodic amplitude plus
advancing phase.

» The amplitude function w(s) is sqrt(beta), and alpha is -beta prime over 2.

* Tune is the number of betatron oscillations per revolution: Q = (1/2pi) integral
ds/beta.

» Transfer matrices can be factored into local Twiss scaling, a phase rotation,
and inverse scaling.

» Normalized coordinates turn betatron motion into a simple harmonic oscillator.

» The Courant-Snyder invariant is the phase-space ellipse area scale for linear
motion.

Questions for students

» What is local about beta and alpha, but global about tune?
* Why does a small beta imply faster phase advance?
» What changes when a particle has twice the action?
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Selected references and cleanup notes

* E. D. Courant and H. S. Snyder, Theory of the Alternating-Gradient Synchrotron,
Annals of Physics, 1958.

* S. Y. Lee, Accelerator Physics, World Scientific.

* H. Wiedemann, Particle Accelerator Physics, Springer.

* M. Sands, The Physics of Electron Storage Rings: An Introduction.
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