
One of our tasks in this section is to study transverse stability, I.e. Do 
particles of the same energy, but with slightly different transverse 
coordinates, either in position or direction, remain near each other in the 
course of their motion in the accelerator. 



We will find the criterion for such stability and discuss the solution to the 
associated equations of motion. We will show that in general, stability 
consists of bounded oscillatory motion about the design trajectory. This 
motion is called betatron oscillations.



We will see that the transverse oscillation frequencies are much higher 
than the typical phase oscillations, thus allowing us to treat the longitudinal 
degree of freedom independently. 



Note that to create the restoring force for a relatively slow moving particle, 
we can use electric fields, whereas for a particle moving near the speed of 
light, we need magnetic fields. This is because for such a fast moving 
particle, 1 T (typical) and 300 MV/m (outside reach!) create the same 
focusing force.  



Stability of transverse oscillations

Why is focusing required? Consider the simple case of a particle rotating in 
a constant magnetic field:





















So, we need to design a focusing system to keep these particles in the 
accelerator. 



Weak focusing

The exploration of weak focusing was initially worked on by Edwin 



McMillan in the context of a cyclotron. This technique involves bending the 
magnetic fields using various permanent magnet configurations and was in 
use until early 1950’s when it was 
replaced by strong focusing. This 
magnetic configuration provides 
focusing stability for particles with 
transverse velocity components. 
Consider for instance a particle at 
a distance ‘z’ above the center 
line in this image executing 
cyclotron oscillations:

























Note that at higher radius, the field lines become farther apart (I.e. the 
strength of field decreases), and therefore the focusing is achieved at the 
expense of the cyclotron force and frequency.  












































The disadvantage is that as the energy and the circumference of the orbit 
increases, so does the required aperture to contain a given angular 
deflection. Because focusing is weak, the radial oscillations are only 
slightly affected. 

The weak focusing is not tenable high energy particles because the size 
and cost of constant magnetic fields at the required radius became 
unreasonable. This situation led to the invention of alternating gradient 
focusing, otherwise known as strong focusing, which will be the focus of 
the remainder of class.  



Strong focusing

We want the restoring force on the particle displaced from design 
trajectory to be as strong as possible. 



In the weak focusing, in the absence of current density, field gradients that 
provide restoring forces in both transverse degrees of freedom 
simultaneously is not possible. This is because 












































































The standard magnet that produces this focusing character is the 
quadrupole 



Focal length of a thin quadrupole 

Imagine a charged particle moving through the quadrupole at a distance x 
from the magnets axis of symmetry. 

Use thin lens approximation: the length of magnet ‘l’ is short enough that 
the displacement x is unaltered as the particle passes through the magnet 


























































































Since the quadrupole is focusing in one direction and defocusing in the 
other, we will need multiple quadrupoles!




Let's recast (3.5) in matrix form:





































If the two lenses are interchanged, the total result would still be focusing.

In fact, the focal length need not be large compared with the lens spacing 
for this to occur



This discussion suggests that one can focus in two degrees of freedom 
simultaneously using a system of magnetic elements whose gradients 
alternate in sign. But this discussion was based on tracing particles 
through a single pass of a system of two lenses. In modern accelerators, 
where particles must be transport d through great distances, the stability 
of particle motion through repetitive encounters of such system must be 
studied. This is what we'll do next. 



We will see that strong focusing leads to beam sizes which are dependent 
on the spacing of the lenses and their strength and independent of the 
scale of the accelerator. 












Stability criterion

We want to know the relationship between lens strengths and spacing that 
lead to stable oscillations as opposed to oscillations that grow in 
amplitude in time.  



Lattice: the detailed description of the way in which magnets and 
intervening spaces are placed to form the accelerator.



If a particle traverses a series of elements 









If these sequence of elementary matrices are encountered repeatedly, as in 
the case of a circular accelerator, then we can use this matrix to inquire 
about the stability of transverse oscillations:



















































































































































FODO lattice: As an example, consider a FODO lattice, I.e. A lattice 
characterized by equally spaced focusing and defocusing lenses, each of 
which we will assume to be thin. If the order is focusing, drift of length L, 
defocusing lens, the matrix is

































This means that in order for a FODO lattice to be stable, the focal length 
has to be greater than half the lens spacing.  



Critical point: The wavelength of an oscillation is just four times the lens 
spacing and therefore is unrelated to the size of the accelerator. This 
alternating gradient principle enables us to decouple the transverse 
aperture requirement from the size and hence the energy of an accelerator.  






This is demonstrated here for the case of 
the FODO lattice with focal length exactly 
half the lens spacing: 


