
PHY 554. Homework 3.  

 

 



1. Problem 2

Given a distribution ρ(X,X ′) with
∫
ρ(X,X ′)dXdX ′ = 1, we have

< X > =

∫
Xρ(X,X ′)dXdX ′

< X ′ > =

∫
X ′ρ(X,X ′)dXdX ′

σ2
X =

∫
(X− < X >)2ρ(X,X ′)dXdX ′

σ2
X′ =

∫
(X ′− < X ′ >)2ρ(X,X ′)dXdX ′

σXX′ =

∫
(X− < X >)(X ′− < X ′ >)ρ(X,X ′)dXdX ′

And we can simplify σ2
X , σ

2
X′ , σXX′ as

σ2
X = < X2 > − < X >2

σ2
X′ = < X ′2 > − < X ′ >2

σXX′ = < XX ′ > − < X >< X ′ >

If we take derivative over s, we have

dσ2
X

ds
= 2 < XX ′ > −2 < X >< X ′ >

dσ2
X′

ds
= 2 < X ′X ′′ > −2 < X ′ >< X ′′ >

dσXX′

ds
= < X ′2 > − < X ′ >2 − < X >< X ′′ > + < XX ′′ >

Note that X satisfies the function

X ′′ +KX = 0

So we can replace X ′′ by −KX.
And emittance is defined as

ε2 = σ2
Xσ

2
X′ − σ2

XX′

1



2

Therefore

dε2

ds
= σ2

X

dσ2
X′

ds
+ σ2

X′
dσ2

X

ds
− 2σXX′

dσXX′

ds

=
(
< X2 > − < X >2

)
(2 < X ′X ′′ > −2 < X ′ >< X ′′ >)

+
(
< X ′2 > − < X ′ >2

)
(2 < XX ′ > −2 < X >< X ′ >)

−2 (< XX ′ > − < X >< X ′ >)
(
< X ′2 > − < X ′ >2 − < X >< X ′′ > + < XX ′′ >

)
=

(
< X2 > − < X >2

)
(−2K < XX ′ > +2K < X >< X ′ >)

+
(
< X ′2 > − < X ′ >2

)
(2 < XX ′ > −2 < X >< X ′ >)

−2 (< XX ′ > − < X >< X ′ >)
(
< X ′2 > − < X ′ >2 +K < X >2 −K < X2 >

)
= 2K

(
< X2 > − < X >2

)
(< X >< X ′ > − < XX ′ >)

+2
(
< X ′2 > − < X ′ >2

)
(< XX ′ > − < X >< X ′ >)

−2 (< XX ′ > − < X >< X ′ >)
(
< X ′2 > − < X ′ >2

)
−2K (< XX ′ > − < X >< X ′ >)

(
< X >2 − < X2 >

)
= 0

Note that the two terms with K are canceled and the two terms without K are
canceled. So we have

dε2

ds
= 0


