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Introduction I: What 1s free electron lasers

* A free-electron laser (FEL), i1s a type of laser whose
lasing medium consists of very-high-speed electrons
moving freely through a magnetic structure, hence the
term free electron.

* The free-electron laser was invented by John Madey
in 1971 at Stanford University.

* Advantages:

v Wide frequency range
v’ Tunable frequency
v’ May work without a mirror (SASE)

* Disadvantages: large, expensive
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Introduction II: Applications and FEL facilities

* Medical, Biology (small wavelength and short pulse are
required for imaging proteins), Military (~Mwatts)...

* FEL Facilities (~33):

FZ Rossendor’ 4-22 pm operating
FREE ELECTRON LASERS (Germany) 18-250 pm user facility
LOCATION NAME WAVELENGTHS TYPE STATUS UCSE ::EHF-‘EII: %MD ;.:?rn.5 - ) aperating
- e um - 2.5 mm cirostatic i
RIKEN SACLAFEL [063-3 4 Linac operaing | |CA(USA) 0WFEL  [30-63um user faciity
{Japan} E— user facility = - -
EMEA - Frasca A . operating
SLAC-SSRL GSEEL |12-18A Lnac operatng Haly) 28-21mm microtren user facility
(LISA) ’ user facility ETLoT -
. . ETL - Tsukuba NI 228 . operating
DESY X operatng {Japan) a nm storage ring experiment
; . FLASH FEL |4.1-4%5nm 5C Linac = -
{Germany) —_ user facility IS - Okazaki ) operating
IELE-I_I-R.“L. - Tlapan) UVSOR 230 nm storage ring expariment
. operating :
Trieste, Haly ZLRM 4-100 nm Linac user fazility Diortmund. Univ. . 470 . ) operating
SDLINGLE) . {Germany) ERLA nm storage ring expriment
| 5] e . operating -
Brookhaven (USA) HGHGFEL | 123 nm Linac experiment LANL AFEL 4 Bpm . operating
MM (USA) RAFEL 18 pm experimeant
Duke Univ. § operating - -
NG (USA) Ok 193-400nm JSREEG | ycer faciity | |G- [RFEL  |88-78um SCHinac e
3 230 nm - 1.2 pm HEP i aperatin
. 2 1-6pm ing (China} Beiiing FEL |5 - 25 pm fnzc expeﬁmgnt
'IEEL. 1 5-22 pm nac operating -
{Japan} user facility CEA - Bruyeres ) operating
; % : ?gﬂ“:‘m {France) EL3A 18-24 pm finac experniment
- - - LZIE - Osaka - s operating
—_ MK 17-21ym finac operating | | {Japan) 21126 pm fnae experiment
(UsA) - experiment | TEn) 22 um SCinac aperatng
VT;rIIFIIJES'DA!It M-I 21-08pm finac no |l:lﬂg:'l {Japan) & mm nduction linac | experiment
(USA) operating I..Jh;m of Tokyo UT-FEL 43 um fnac operating .
Radboud FLARE 227 - 420 pm ing (apan} experimen
University FELIX1 31-35pm inac aperating ILE - Osaka ) operating
{Matheriands) el 25 - 260 pm user facility | | 1 vany 47 pm fnac experiment
Sianford SCA-FEL 310 pm - no longer LASTI LEENA 85-75 " operating
CA (USA) FIREFLY | 15-65 ym SCHinzc operatng iJapan) pm nac experiment
. KAERI 80 - 170 pm microtron operating
LURE - O ) operatin o . .
{Francs) r=3y CLIO 3- 150 pm finac user h‘ﬁh {Korea) 10 mm el=ctrostatic expariment
N Budker Inst. 5 operating
RIS00 3.2-48 pm SCinae operating Movosibirsk, Russia 110 - 240 pm fnac experiment
WA [USA) 353 - 438 nm user facility PTeR— -
iw. of Twen g I 5 operating
Science Univ. = 5-16 pm finac operating (Metheriands) IELFEL 200-500 pm fnac experiment
of Tokyo (Japan) ==l user facility EOM Eusion no longar
{Nethertands) FEM operating
Tgl Awiy Uiniv. 3 mm ehectrostatic “P““f“”
{lsrasl) experiment
'So far only operating FEL oscillators with wavelength < 10 mm are included.
. - *user faclity’ means a dedicated scientific research faclity open to outside researchers.
*Order is first b of facdity and second roughly by wavelength.
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Introduction III: Basic Setup

Planar undulator

B, (xy.2)=Bsin(k2)  [TI=|TI=T3 =11 =111 ]~ |

for X,y << gap size _._____-Z____,_W

Helical undulator B, (X,y,2) = B, cos(k,2)

B, (x,Y,2) = Bysin(k,z)

for X,y << gap size a) =
electron //
| d trajectory _, |:
B NN TR AN 298
' t[=[3[=[T[=[t]=]T T A
\ w.—-\-\--\- 2 |

y g
N / W
1 1 1 N - 1 | I | Yy

z
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Introduction IV: different types of FEL

Mirror Undulator

FEL O-scillat.or K= St b 414 ] ¢]t Radiation {I
(Low gain regime) |T|T|T|T|T|T|
Electron
Beam

Master Laser Undulator

FEL Amplifier Beam It A 4 bt  Radiation
(High gain regime) ' I [ ]
Electron

Beam

Undulator
SASE FEL ,L | ’_L | '_L | ‘_L | ’_i\ Radiation .
(High gain regime) Rebdhahg T | ]
Electron
Self-Amplified Spontaneous Emittion (SASE) Beam
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Unperturbed Electron motion in helical wiggler
(in the absence of radiation field)
(x.y,2)=B,[ cos(k,z) % —sin(k,z)3 |

B,
F(x,y,2)=—eV X B=—ev X B=—ev_B, [cos(kuz)ff + sin(kuz)fc]

=—ev,B, sin(k,2) M: m;/%:_ev B, cos(k,z)

d(myv,)  dv,
dt dt ‘

a7

1
y = V= \/Vz IR ~ _ o Undulator parameter,
N1-V*/C’ X y z VEV T Wy | also called Q,,
dv , . , L : _eB 4,
m}/E =—iev B, (cos(kuz) —1 sm(kuz)) =—iev B e " | K= e
dv dz dv ~ : Electron rotation angle

. - av . -
my—=my——=—iev,B e = my— =—ieB e’ i :
th ydt dz 2B ydz W | in undulator

K

w_gkz = gkZ *Assume the initial velocity of the electron
mecyk, 14 make the integral constant vanishing.
~ cK nA N ¢
v (Z):_ cos(kuz)x—sm(kuz)y:l Vv, = const. f(Z)zjv(fl)dt1+x(Z:O)

Y
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Energy change of electrons due to radiation field

v (z)= % cos(kuz)fc— sin(kuz)ﬂ

Consider a circularly polarized electromagnetic wave (plane wave is an assumption for 1D
analysis, which is usually valid for near axis analysis) propogating along z direction

—

E (zt)=E|cos(kz—wt) % +sin(kz—wt)3 | E=0

:E:cos(k(z—ct))fc+sin(k(z—ct))ﬂ o = ke
Energy change of an electron is given by

4 B e

dt

Pondermotive phase:

d&
d_Z:_eEesvicos(w)z—eEGS cos(y) w =k, z+k(z—ct)

To the leading order, electrons move with constant velocity and hence 7= Vz(t — to)
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Resonant Radiation Wavelength

e =—eF0, cos{(kw +k—k£]z+w0}
dz V.

We define the resonant radiation wavelength such that

C /c \ A
—k,—=0=>4, =4, | ——1| =2
Ky + K, kovz = 4, WLVZ J 2

v =l-Vo I =1-(V, +V])/C+V. /O =y + 6 =y (1+K?)

z

Au(1+ KZ) B,
FEL resonant frequency: 0~ 27/2 T 27

At resonant frequency, the rotation of the electron and the radiation field is

synchronized in the x-y plane and hence the energy exchange between them is most
efficient. PHY 564 Fall 2020 Lecture 22



Helicity of radiation at synchronization

The synchronization requires opposite helicity of radiation with respect to the electrons’

trajectories.
Electrons’ trajectories

electron |
t trajectory |

t, <t <t, <t,

Radiation field observed by
b) electrons

X Electrons move slower than radiation
and hence see the radiation wave
slipping ahead. As a result, the
rotation direction of the radiation
field seen by an electron is the same
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Longitudinal equation of motion

In the presence of the radiation field, the longitudinal equation of motion of an

electron read

d&é
d_ =—eLE0, cos(t//) w=Kk,z+ k(Z— Ct)
z
d Q)
—W =k, +k—
' T (E)
1 1
~k +k-w +(5’—<€O)i
VZ(SO) d€ v,
E-E
~k thk——2 @ (£-4)
v, 50) Y &
dP
dz ~eED, cos(y) Energy deviation:
=1
—y=C+—F—P Detuning parameter:
dz Y:¢& PHY 564 Fall 2020 Lecture 22

&, 1s the average energy of the beam.

d1l_1d1_ 1dy d1

d€ v, e Eﬁ_z_ mc® dy dy._ B.

. v’ dy, ¥

? (1+K2) dy  7,(1+K?)
d 1 1 d(. 1) 1

— = maa || ms
dy, 5, 20, dnk VJ By,
P=E-¢,

C=k, +k——n

vz(go)




Low Gain Regime: Pendulum Equation

P

ar _ —eE0, cos(y)

dz [ d’ eE0.w

d o d21//-|— e cos(l//):O
—y=C+——P < V6%

dz y.c&,

We assume that the change of the amplitude of the radiation field, E, is negligible
and treat it as a constant over the whole interaction.

d? . . [leE0.0 L Z
A
. d’ ( 7[) . T
Pendulum equation: + = +us1n[ +_)=()
V"7 T
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Energy deviation

Low Gain Regime: Similarity to Synchrotron Oscillation

FEL I Synchrotron Oscillation
W is the angle between the transverse velocity |
vector and the radiation field vector and hence | dr_ o odme 1 eV o 0 ).
. . . d N7 d C sm( 011,1’1')
there is no energy kick for y = 77/2 | : R
i—— — ——k
M —————— ———— 4 I 5
g -5
13
o | 1 =0
s
- E |$
" C
= 1:5
Lt 1
iz oz oz :
") 2 2 I
Pondermotive phase, ¥ | RF phase, ¢rf
v +5 rasnly+3) | .
+—|+Usm|y+—|=0 f_ -
d22 v 2 4 2 I dsz _ urf SIn ¢rf
. PPeFfw '
= v=kzrk(z-a) | y =y L SVeekil n
2770 I rf UC p()C ¢rf - kO I’fT
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Low Gain Regime: Qualitative Observation

S 5
© 5
: s
S S
% %
The average energy of the electrons The average energy of the electrons
is right at resonant energy: is slightly above the resonant energy:
2
A(14K?) A0+ Y=Y +AY
27 /10 With positive detuning, there is

*Plots are taken from talk slides by Peter Schmuser. net energy loss by electrons.
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Low Gain Regime: Derivation of FEL Gain

Change in radiation power density (energy gain per seconds per unit area):

ATl =cg,(E,, +AE) —cg,EZ, = 2ce,E_ AE

Energy deviation at entrance

Average change rate in electrons’ energy per unit beam area: /

Pondermotive phase at entrance

All = JO<P> *The average, <...>, is over all v Lon /
© e electrons in the beam. (P(2)) = [dR [dy, Tt (R.¥ )P(R.¥,. 2)
—o0 0

Assuming radiation has the same cross section area as the electron beam, we
obtain the change in electric field amplitude:

AT, +ATT, =0 = | aE = ——tP)
2cgE e

dP

o —eE0Q_ cos(y) |

< A A
J o = <P> = —eEHS<j cos[w(z)]dz>
— Y = C+ > P 0

dZ ’}/z ch
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Low Gain Regime: Derivation of FEL Gain

d2
Fl//+ Ucosy =0

1

W(z)ZW( Z J% jcosw d22 (1)
0

Assuming that all electrons have the same energy and umformly distributed in the

Pondermotive phase at the entrance of FEL: B, =0 and f(z//o):z—
T

The zeroth order solution for phase evolution is given by ignoring the effects from
FEL interaction:

ar _ —eE0, cos(y) ( l//(?) =Y, + C2
dz d A
p = — = C= Cc=Cl,
— C+ @ P dz ' ~
l// y CgO \ w (O): C

Inserting the zeroth order solution back into eq. (1) yields the 15t order solution:

w(2)=y, +C2+Ap(y,,2) w (. 2)=- Jifcos[wo+022]dzz

0
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Low Energy Regime: Derivation of FEL

. Gain
Ayly,,2)= _OJ dz, '[ COS[WO * ézz ]d22

0

A Cz B
-4 sin(y, + X, Jdx, — CZsml// Bl —— |cosly, +C2 —cosy, +C2sin v,
¢’ ’ "[Te

0

(P)=—€El W95<

Cos[l/fo +Cz+Ayp(y,, 2)]d2> <—— Average energy loss of electrons

o'—.»—-

1

1
=eEd| < j sin 1//0 + CZ sin(Ay(w,, ))d2> - eEHSIW< j cos[l//0 + éZ]cos(A vy, 2))d2>
0 0
1

1
=~ eE@SIW<JA w(y,, 2)sin gyo + Cz]dz> _ SO, jdzj cas[l//— '+C?]8 W,
’ SN _24;_/_0 ________________ - <Icos[w0 +C2lsinly, + éz]d2> =0

I dZ{CZCOS(CZ)I sin’w,dy, — sm(CZ)Tcos v,d l//o}

0 0

eEHI
o &2

:_eEQSIWA— l—gsiné—cosé
C’ 2
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Low Energy Regime: Derivation of FEL

Gain
Growth in the amplitude of radiation field: (- |v2veEext‘95w
= . 9 3 A ) X _ 7§cymc2
AE = — In{P) _ A0 01, Ee A23 I—EsinC—cosC
2cg,Ee cyiy 1, C 2 3
| - 47e,mC
The gain is defined as the relative growth in radiation power: A e
E.+AE) —E2 2AE A
s = ( = Ez) = E =7 f (C) As observed earlier, there is no gain if
ext ext the electrons has resonant energy.
Cubic in FEL length |
. 2 3/ 0.1
T = 271]065 w IW
_ 2 _0.05
C7/Z7/ I A —~ E‘
(B % 0
A 2 ~ C . 4 3
f( )= ~ | 1—cosC——sinC 0.05
C 2
E— 0.1
_ d sin® (6/2) » | | | | |
dé é2 15 -10 5 0 5 10 15

PHY 564 Fall 2020 Normalized detuning C‘
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What we learned today

What 1s a free electron laser? What are 1ts advantages and
disadvantages?

We derived the trajectories of electrons inside a helical
undulator of a free electron laser.

We derived the resonant condition for a free electron laser
to work, which determines the resonant wavelength of the
free electron laser;

We derived the gain of a free electron laser working in the
low gain regime.
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