Transverse (Betatron) Motion

Linear betatron motion

Dispersion function of off momentum particle
Simple Lattice design considerations
Nonlinearities



Particle Position

Review Frenet-Serret coordinates (x,y,s)

Hill’s equations (derivatives w.r.t. s)

X

AB
X"+ K (s)x=1t—=, y"+K (s5)y
Bp

K. (s)
Higher order magnet, S ﬁCl‘
usually field errors 0=—= 7
Natural focusing from Focusing from
dipoles (curvature) quadrupoles

Solution of Hill’s equations X(s), X'(s) form a coordinate set and can be transformed thru
matrix representation

XO ) s KO0
X'(s) X'(so)
‘M(S,SO)‘ =1 ‘Tmce(M(s,SO))‘ <2

Stable solution conditions



Courant-Snyder parameterization
cos®+asin® Lsind
M(s) = . .
—ysin® cosP —asin P

1 0 o
I = , J= p , JP=—=I, or Br=1+a’
0 1 -7 -«

jzlcosCDJszinCD

Where a,B,y,$ are functions of s and describes position dependent beam properties.

Focusing quadrupole: M(s,s,) :[

cos+/K/ —=sin VK¢ El Oj
%
— K sinVK! cos/K ¢ -1f 1

M ~ [cosh ME ﬁsinh \/?EJ . (1 Oj

Defocusing quadrupole: $,8,) = ‘
U WK sinh KT cosh K1 1 1
cosL psin< 1 7/
Dipole: K=1/p? M(s,s,) = lp_ , fp —)[
—;SHl; COS; 0 1

1 7
Drift space: K=0 M(s,s,) = [0 j
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For two dimensional magnetic field, one can expand the magnetic field using Beth
representation.

B=B (x,y)X+B,(x,))

g LohA) 104 , _10(h4)_ 104
Y h oy hoy * h ox  h oOx

N S

For h.=1 or p=c0, one obtains the multipole expansion:
. . .\ 1 . . \nt
B, + jB, =B,y (b, + ja,\x+jy), A = RC{BOZM(@ + ja, Nx+ jy) 1}

b, :dipole, a,:skew (vertical) dipole; B, = Bjb,, B, = By,
b, :quad, a,:skewquad; B, =Bbx, B .=Bby, B,=-Bay, B, =Ba~x,
b, :sextupole, a, : skew sextupole;

1 ] | v
E(By +jB)=F=) (b, + ja,)x+ jv)

n



Floquet Theorem

X"+ K(s)X =0 K(s)=K(s+L)

X(s)=aw(s)e’, w(s)=w(s+L), w(s+L)—w(s)=2nu

2 s 1
Pe)= W, a=—>p. y=”ﬂ“, W) =B, )= [ s
X(s,) X(s))
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The values of the Courant-Snyder parameters a,, B,, v, at s, are related to a,, B, y; at s; by

IB M121 _2M11M12 M122 ﬂ
a|=\-MM, MM,+M,M, -M,M, |«
V), M221 —2M,M,, M222 Y ),

The evolution of the betatron amplitude function in a drift space is

:i B _ (s — S)
b, ?/1""7/1(5 ) IB"" ,B

(S—S) 1
a2:a1—7/1S:——ﬂ* . 7/2:7/1:F

Passing through a thin-lens quadrupole, the evolution of betatron function is

_ _ b _ 2051 B
b, =0, a, al_l_f Vo= T 7 f




X =42p0) cosy, X' =—_|—(siny +acosy)

P, =X+ aX =—4/2) siny

(X,P,) form a normalized phase space coordinates with
X?+P,?=28J, here Jis called action.

Courant-Snyder Invariant

X2 4 2aXX' + BX" =%[X2 r(aX +pY)Y]=27=¢

Centroid




Courant-Snyder Invariant

X2+ 20XX" + BX " =%[X2 +(aX + X ]=27=¢ ; ,

Emittance of a beam Centroid

= j Xp(X, X’)dXdX’ (X') = J X'p(X, X"dXdX',
j (X (X)) p(X,X"dXdX', o2 = j (X' —(X") p(X, X ")dXdX',

Oy = j (X (XX —(XNp(X,X")dXdX' = ro 0,

. 2 2 2 2
grms —_— ‘\/GXGXI - GH, — GXGX! 1 r

The rms emittance is invariant in linear transport: — =0



normalized emittance € =€y is invariant when beam energy is changed.

Adiabatic damping — beam emittance decreases with increasing beam
momentum, i.e. e=¢ /By, which applies to beam emittance in linacs.

In storage rings, the beam emittance increases with energy (~y?). The
corresponding normalized emittance is proportional to y3.

The Gaussian distribution function

1 2 2 2
p(X,PX) — 2 . e—(X +PX)/2GX

GX
1 -&/2¢
p(g) —_ 2 e rms
grms
€/ €rms 2 |4 |6 |8

Percentage in 1D [%] | 63 | 86 | 95 | 98
Percentage in 2D [%] [ 40 | 74 | 90 | 96




Effects of Linear Magnetic field Error

XK () k=, 3K (5)—k(s)ly = =
P P
For a localized dipole field error: 6=AB2/Bp

X"+K, (s)X =656(s—s,)

—2 mr

0
X, = '?O COS 7TV, w
281 zrv
’ 9 —1 mr
X, =— (sinzv —a,cosmv)
2sImn v

Xoo(8) =G(s,5)0

JB()B(s)

2sin v

G(s,50) = cos[zv—|w(s)=w(s,)|]



For a distributed dipole field error:

X (S) /ﬂ(s)i Vzvzf’;cz e/k¢(s)
i AB((D):| Zf}c Jjko

Where the field error is expanded in Fourier series {,33/2((0)
k=—o0

fi ﬂﬂ”( )AB(‘”)} o= i{ﬂ”( )ABg”)} “Hegy

Sensitivity factor = <( QS)) > o/ B(S)

rms

closed orbit bump: x_(s) =0, X (s) =0

&, ) ={IB.GOB. ) sin(ay, (D,

Orbit length change:

X (mm)

(So)

dS = D(s,)0, AC = &D(So)—d



Off-momentum and dispersion

For different particle energy o= P~ Po
Po
x=x,+Do X'=x,+D'6
14 1
Xy +K ($)x5 =0, K (s)=—~-

D"+K (s)D = 1
Jo,

Extend the matrix representation to 3 by 3

cost psin@  p(l1—cosf)
For a pure dipole (K=0): M=|-Lsinf cos§  sind —
0 0 1
0<<1 ie.
cos VK ! LsinVKe 0 4
For quadrupoles: M(s,s,)=| —vK sinVK¢ cosvK¢ 0 —>{1/f 0
0 0 1 0 0

)
D,(S) _ 4 521851
(o)

7 D(s1)
d Vg

1 L 116
0O 1 @6
0O 0 1
L<<p
0
0] Defocusing
change K -> -K
1
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Chromatic aberration and correction
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http://upload.wikimedia.org/wikipedia/en/4/47/Lens6a.svg
http://upload.wikimedia.org/wikipedia/en/e/e4/Diffractive.png
http://upload.wikimedia.org/wikipedia/en/0/0e/Lens6b.svg

Chromatic aberration in particle accelerators

Inhomogeneous
B
x” . £ +2.X (1 + _) y” — B p() (1 + —) equation
P Bp p " Bp p P
p/p,=1+0
_ OB
X"+ 21 d K(S) 0 K(s) :ﬂa B =—
o (1+0) 1+5 p(1+8)’ Bp ox

1
xzxﬂ+D5 D"+(K (s)+AK )D =—+0(J)
Yo,

"+ (K () +AK Jx, =0, yi+(K (s)+AK, Jx, =0

K (5)=—5—K(s), | AK(5)=[- 2+ K()I6 =K (5)5.
p p

K (s)=+K(s), AK () =[-K(5)]6 = —K (5)5

Note that the betatron motion for off momentum particle is perturbed by a
chromatic term. The betatron tunes must avoid half-integer resonances. But, the
quadrupole error is proportional to the designed quadrupole field. They are called
systematic chromatic aberration. It is an important topic in accelerator physics.



Tune shift, or tune spread, due to chromatic aberration:
Av, =L B(K (s)dsp=Cs. € =dv,ids
Av, =|-34 B.()K,(s)dsp=C5, C, =dv,/ds

The chromaticity induced by quadrupole field error is called natural
chromaticity. For a simple FODO cell, we find

1
Avx:{ 47z§,8( K. (s)ds}é’fv—zﬂ’“ 5

(CFODO _ —LN - B Drin __ tan(®d/2)
X ,nat 472_ f f

We define the specific chromaticity as fx = Cx /Vx, fy = Cy /Vy

V., ~
®/2 X

The specific chromaticity is about -1 for FODO cells, and can be as high as -
4 for high luminosity colliders and high brightness electron storage rings.

in P _ L 2L(1+sin(®/2))

2L (1-sin(®/2))
2 2f ﬁmax _ sin @ > ﬁmin -

sin @




Examples:

BNL AGS (E. Blesser 1987):
Chromaticities measured at the AGS.

tan(d/2)
Ciiﬂ?:— DO /2 Vx ® —Vx

Specific Chromaticity

Fermilab Booster (X. Huang, Ph.D.
thesis, IU 2005): The measured
horizontal chromaticity C, when SEXTS
is on (triangles) or off (stars), and the
measured vertical chromaticity C,
when SEXTS is on (dash, circles) or off
(squares). The error bar is estimated to
be 0.5. The natural chromaticities are
Chaty=—7-1and C,,,=-9.2 for the
entire cycle. The betatron tunes are
6.7(x) and 6.8(y) respectively.
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Chromaticity measurement:

The chromaticity can be
measured by measuring
the betatron tunes vs
the rf frequency f, i.e.

0.01

O
[
S

Tune change

The chromaticites are
Cx=12.9, Cy=+1.4.

-0.01

AL 8 2 ()P,
Ty C v | Y Po
Af/fo=—né
o dv nfir dv
dp/p dfrr
B d vV,

. M. Yoon and T. Lee,
RSI 68, 2651 (1997)

-4 -2 0 2

RF frequency variation (kHz)



The Natural chromaticity can be obtained by measuring the tune
variation vs the bending-magnet current at a constant rf frequency.
Change of the bending-magnet current is equivalent to the change of
the beam energy. Since the orbit is not changed, the effect of the
sextupole magnets on the beam motion can be neglected. The Figure
shows the horizontal and vertical tune vs the bending-magnet current
in the PLS storage ring.

0.04
dv dv dv

C = = = —
dp/p dB/B dI]/I 0.02

The data give C,=-18.96,
C,=-13.42; vs theory:

0.00

Tune variation

C,=—23.36, Cy=_16'19' 002" M. Yoon and T. Lee,
RSI 68, 2651 (1997)
-0.04 : .
661 662 663 664
Note that this method may not apply for Bending magnet current (A)

combined function dipoles.
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Contribution of low B triplets in an IR to the natural chromaticity is

2As 1 [ Bax

Ctotal = NIR CIR + Cbare machine CIR: _4,,‘_,3* ~ T\/ 3*



The total chromaticity is composed of
contributions from the low 3-quads and
the rest of accelerators that is made of

FODO cells. The decomposition to fit the

data is As=~35 m in RHIC.
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Chromaticity correction:

The chromaticity can cause tune spread to a beam with momentum spread
Av=Cb. For a beam with C=-100, 6=0.005, Av=0.5. The beam is not stable for
most of the machine operation. Furthermore, there exists collective (head-tail)
instabilities that requires positive chromaticity for stability! To correct
chromaticity, we need to find magnetic field that provide stronger focusing for
off-(higher)-momentum particles. We first try sextupole with

AB + jAB, :Bobz(x"'j)’)zﬂ A, :%Re{BobZ(x_ij)B)}

AB —
CEK(r=" YK )y = YN EDo
Bp bp Y =Yg

AB = Byb,(x* - y*) = Bob2(2x3D5+D252 +x§ - yé)
AB_ = B,b,2xy = Bob22yﬂD5+BOb22xﬂyﬂ

Let K,=-2B,b,/Bp=B,/Bp, we obtain:

xp +(K (s)+K,D0)x, =0, y;+(K, (s)—K,D6)y, =0



xp +(K (s)+K,D0)x, =0, y;+(K, (s)—K,D6)y, =0
=x,+Do

AK.(s) = K,(s)D(s)0, AK (s)=-K,(s)D(s)0

C, == § B(SK (5)— K, (5)D(s)]ds
C, === B, (K, (5)+K,(s)D(s)ds

* In order to minimize their strength, the chromatic sextupoles should be located
near quadrupoles, where ,D, and B D, are maximum.

* Alarge ratio of BX/By for the focusing sextupole and a large ratio of BV/BX for the
defocussing sextupole are needed for optimal independent chromaticity

control.
* The families of sextupoles should be arranged to minimize the systematic half-

integer stopbands and the third-order betatron resonance strengths.



Revisit of half interger stopband intergral

Aﬂ(S) ) ¢+2r
50~ Zsnd, j Ay ($)k(4)sin 2v, (7 +¢—4,)
d* APG) |42 BB _ gy
i pls) M sy P
VBk(s)]= D007,
— L § [ﬂk(S)]e_jp(pdS Half integer stopband
T
AL(s) __ Y N ) ¢

e

p(s) 2 ,=ve—(p/2y

What symmetry can do to stopbands?



Systematic chromatic half-integer stopband width

The effect of systematic chromatic gradient error on betatron amplitude
modulation can be analyzed by using the chromatic half-integer stopband

integrals 1 — o,
T =5 § BAK e " ds

1 —jp(Dy
Jp’y = E{ﬂyAKye ds

We consider a lattice made of P superperiods, where L is the length of a
superperiod with K(s + L) = K(s), B(s + L) = B(s). Let C = PL be the circumference of

the accelerator. The integral becomes
(

S ¢ - _pZ 2Pt —jp2Z(P-1)
JP’X:_<2_IIBXAKXe_’p¢dS [1+e P 4+e P 4+---4+e °F ]
L 72-0
S5 & .
= _ 5 Py AK e "?ds ;P when p=0(Mod P)
72'.

0
J,x =0, when p=#0(Mod P)

When p = 0 (Mod P), the half-integer stopband integral increases by a factor of P, i.e.
each superperiod contributes additively to the crhomatic stopband integral.



Effect of the chromatic stopbands on chromaticity

AB(s) _ v, i y oP? ~ _ ‘JP‘COS(p¢)
Bls) 22 vi—(p/2} 2, -pl2)

Av, =CP6+CP8% +---

C" == B (9K ()~ K, (5)D(s)lds

J 2
C;Z) — _CS) . | p.X | :
My, —pl2)s

D04

Av

0.02

600 |
/’, 4—family sextupole

=0.01 =0.005 0 0.006 0.01
Ap/p




Effect of sextupoles on the chromatic stopband integrals

First we evaluate the stopband integral due to the chromatic sextupoles. Let S; and S,
be the integrated sextupole strengths at QF and QD of FODO cells in the arc. The p-th
harmonic stopband integral from these chromatic sextupoles is

0 sim(Pxpp/2v)
P2 sin(pe/2v)

[IBFSFDF _|_IBDSDDDe_jP(/’/z‘/]e_j(N_l)P(P/zv

To change the stopband integral without perturbing the first order chromaticities, we
group the sextupoles in four families, i.e. (S¢;, Sp1, Sey, Sp,)- By asking

Sey =S, +(AS),, Sp1 = Sy +(AS),,
SFZ — SF2 _(AS)F SD2 — SD2 _(AS)D

CM) stays same while the change in stopband integral (29) gives

0 sin(Px(pp/2v—r/2))

AJ sext .
P 27 sin(pep/2v—r/2)

[B,(AS), D, + B,(AS), D e "?'* Je /N -"Apo/2v-ri2)

Under conditions p 2 7
sin(Px(pe/2v—r/2)) _p
sin(pep/2v—r/2)




Cy" == § By (K (5) — K, (5)D(s)lds

| Jp,X |2

C(2) — _C(l) .
X Y4, —pl2)o?

0 sm(Pxpp/2v)
Pt 2 sin(pe/2v)

[5rS:Dy + ,BDSDDDe_jp‘/’/zV ]e‘J(N—l)pco/Zv

p=2v
Se = S8,+(C95), Sp1 = Sy +(AS),, _
SF2 — SF2 ( S)F SDZ — SD2 _(AS)D 7 5

5 o
M pseu =5 = PLBF(AS) Dy + B, (AS), D]

Every FODO cell contributes additively to the chromatic stopband. The resulting stopband
width is proportional to (AS); and (AS), parameters. By adjusting (AS); and (AS), parameters,
the betabeat and the second order Chromaticity can be minimized.

Similarly, a six-family sextupole scheme works for 60 degree phase advance FODO lattice, where
The six-family scheme (S, Spy, Sz, Spa » Sesr Sps) has two additional parameters.



Lattice Design Strategy

Based on our study of linear betatron motion, the lattice design of accelerator can
be summarized as follows. The lattice is generally classified into three categories:
low energy booster, collider lattice, and low-emittance lattice storage rings.

* The betatron tunes should be chosen to avoid systematic integer and half-
integer stopbands and systematic low-order nonlinear resonances;
otherwise, the stopband width should be corrected.

* The betatron amplitude function and the betatron phase advance between
the kicker and the septum should be optimized to minimize the kicker angle
and maximize the injection or extraction efficiency.

* Local orbit bumps can be used to alleviate the demand for a large kicker
angle. Furthermore, the injection line and the synchrotron optics should be
properly “matched” or “mismatched” to optimize the emittance control.

* To improve the slow extraction efficiency, the B value at the (wire) septum
location should be optimized. The local vacuum pressure at the high-p value
locations should be minimized to minimize the effect of beam gas scattering.



* The chromatic sextupoles should be located at high dispersion function
locations. The focusing and defocusing sextupole families should be located in
regions where Bx > By, and Bx << By respectively in order to gain independent
control of the chromaticities.

* It is advisable to avoid the transition energy for low to medium energy
synchrotrons in order to minimize the beam dynamics problems during

acceleration.

Besides these design issues, problems regarding the dynamical aperture,
nonlinear betatron detuning, collective beam instabilities, rf system, vacuum
requirement, beam lifetime, etc., should be addressed.



Symplectic integration
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Hamiltonian dynamics

In accelerator, particles” motion is predicted by Hamilton’s equations

dg oH dp o0H : :
— . —_— e — — V H ’ ’ = _V H L)
r » o or q 7 (p.q), p ; (P,q)

or it can be written in a compact form z=JV_H(2)

4]

The solution is a transformation mapping (flow)

z2=(p,q)

(p’Q) = At,H(pO’qo)
or for simplicity 2= A(z,)

in matrix representation, the map A is a 2n by 2n matrix.

L,




Symplecticness

A.  Hamilton’s equations predict the evolution of phase space.

B. Canonical transformation A preserves the form of Hamilton’s
equations.

c. Transformation A is canonical if and only if it satisfies the relation
ATJA =] detA=1

and we call this transformation A symplectic

Proof. Hamilton’s equation can be expressed as X = Jﬁ
0x

if we have transformation y=y(x)

)';=A]AT(?9£=J(Z£ if A"JA=J ie.symplectic
i) i .




Preservation of area

Symplecticness is equivalent to the preservation of area.

In a 2d(d=1) space, the area of a parallelogram is defined as the
magnitude of the wedge product dp ndq

While for a transformation z=2A(z,)

0
we have dp— p dpo P qua dq— qdp0+ q dqo

7 a4, ap, a4,
ap o op d
dp/\dq=—p—qdpo/\a’qO L ——dq, ndp,
Ipy 99, 94, Ip,
wedge products are anticommutative dp ndqg =—-dg ndp
b - a—pa—qdpo e P Od i e et A S

dq, Ip,




Preservation of area

The area of a parallelogram (with sides n and €) is given by nTJE.

The area of a transformed parallelogram (with sides An and Af) is
nTAUAE=NTJE, if and only if A is symplectic

A4 fq

3 Ag
> p > P
The symplecticness for a more general case (with d>1) can be written as

Conservation of volumn (Liouville’s theorem)

i R S —



Numerical integrators

0]

A system with differential equations

x=f(t,x) x=(p.q)

can usually be solved using integration method with infinitesimal
integration steps At=h in each iteration. For Hamilton’s equations,

Euler(nonsymplectic) x.,=x,+hJVH(x ), x,  =x+hJVH(x )

n

explicit implicit

Euler(symplectic, 18y  P,.=P,-hV H(p,.q,.) 4..=4,+hV H(p,.q,.,)

xn+1 + 'xn

Implicit midpoint(symplectic, 2d) X, =x,+hJVH (T)




Numerical integrators

Stormer-Verlet(symplectic,2nd)

O

h

p 1 =pn__VqH(p I’Qn)
n+— 2 n+—
2 2

h
4y =4, +5(VpH(pn+1’qn)+ VpH(pn+1aqn+1))
2

2

h
Pua = pn+l - EVQH(pm_laq}ﬁl)
2 2

It is simply the symmetric composition (2" order) of the two symplectic
Euler methods with step size h/2.

. 1
For a 2nd order differential equation G=-VU(q), H(p,q)= Epr+U(q)

It can be simplified as q..-2q +q_ =-h’VU(q), p, = Dnit —YGn
n+ n n— n’o n 2h

i R S —



Runge-Kutta methods

s-stage Runge-Kutta

0

k= fa+chx,+hY ak), i=1..,s
j=1

N
X, =X + hz bk,
s s i=1

where ¢ =E%~a Ebi —1 .For a case where

j=1 i=1

1
s=4, ¢,=0, ¢c,=¢c;,=—, c¢,=1,

2

1 2
b1=b4=g, b2=b3=g

(it simplifies to the famous 4t order Runge-Kutta integrator.
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Symplectic mapping

In accelerator, we usually use transfer map to calculate lattice
properties. For example, matrix for a quadrupole is

coskL % sinkL 0 0
—ksinklL coskL 0 0
M= 0 0 coshkL LsinhkL k=+K
0 0 ksinhkl  coshkL

s

~ What a simulation code does is it slices the element into pieces and

apply te kicks.



Symplectic mapping(cont’d)

Thus the transfer matrix becomes

M [ coskAs  fsinkAs
s=stAs T | ksinkAs  coskAs

And then Taylor expansion gives

10 0 1 s[5 0
Ms—»s+As= [0 1]+AS[_k2 0]+A8 [ 02 k2]+
Truncation is required and up to 1st order

1 As
Ms—>s+As ~ [—k2AS 1 ]

- While the determinant of it is not unity— not symplectic.
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Symplectic mapping(cont’d)

One trick to make the determinant 1 is to artificially add in one 2nd

order term
1 As ]

Momsrns = [—k2As 1 — k2As?

Which makes the transfer map not as accurate as if we simply keep
it up to 2nd order

1= %k2A32 As
Messroe = [ —k?As 11— %k%s?]
Which is not symplectic!

o \_Symplecticity Is not equal to accuracy!!
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1.

3.

Symplectic mapping(cont’d)

Classical theories of numerical integration give information
about how well different methods approximate the trajectories
for fixed times as step sizes tend to zero. Dynamical systems
theory asks questions about asymptotic, i.e. infinite time,
behavior.

Geometric integrators are methods that exactly conserve
qualitative properties associated to the solutions of the
dynamical system under study.

The difference between symplectic integrators and other
methods become most evident when performing long time
iIntegrations (or large step size).

Symplectic integrators do not usually preserve energy either,
but the fluctuations in H from its original value remain small.

Symplectic integration



Symplectic mapping(cont’d)

One way of thinking is to use thin lens approximation, divide the
quadrupole into drifts and thin lens which all have transfer
matrices with unity determinant.

Transfer matrices for drift and sudden kick

o1 i)

With a quadrupole at length L




Symplectic mapping(cont’d)

So we have various ways of dividing the quadrupole which result
iInto different order of symplicticity.
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Symplectic mapping(cont’d)

After splitting the magnets, we need to solve for the
parameters(symplicticity is automatically preserved). Take the 2nd

on the right as an example. Total transfer map Is

v o~ |Y ool 1 0|1 BL 1 0][1 aL
— 0 1 |[-3KL 1|0 1 |[-3KL 1||0 1
_ [1-3KL? + JaBK' LY L —a(a+ B)RALE + 1a?BRL°

—k*L + 16K L? 1— 3k2L? + LapktL?

Comparing with

coskL  fsinkL 0 0
M= —ksinkL coskL 0 0
- 0 0 coshkL  +sinhkL
0 0 ksinhkL  coshkL




Symplectic mapping(cont’d)

Keeping them equal up to 4t order then gives

a(a+ﬁ)=%

1 1
1"=%
20+ 3=1

Last one arises from geometry condition.

Unfortunately, this does not have a solution—symplicticify failure.
But the 3 one on the right has a solution

B = =20 o o156 L L
! ! 3512 5 = 1-2y=——20 17024
- T T mpE T A T A




Symplectic mapping(cont’d)

Notice that both B and 6 are negative. This means we need to go
through 7 steps for the symplectic integration shown as follows.
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This results in a 4t order symplectic integration.




Symplectic mapping(cont’d)

Higher order of symplectic integration can be achieved simply by
dividing the magnet into more pieces and solving much more
complicated set of equations. A 6t order integration is done in 19
steps.
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Accuracy vs order

Order does bring up complicity but does it provide higher accuracy?
Considering the amplitude of phase space given by

A= /224 (2'[k)?

With initial A to be normalized to 1.

Exact tracking should always A while if we use symplectic mapping
it's not the case.




Accuracy vs order(cont’d)

Comparison of 2" order and 4t order of symplectic integration is

given as

1.0100 ——————— 11—

1.0050
A

1.0000

0'9950 Il | Il | Il Il | Il

(b)

1.0000
A HV\ANU\ANV\AM[U\AANU\ANV\A}V\MM

0.9999 — —

0.9998 1 | I | 1 | I | 1
0 100 200 300 400 500

S Iteration Number

With the top one as 2"d order
and bottom one the 4,
Stability is always preserved but
the accuracy is greatly
Improved by using higher order
Integration.

Notice that the deviation from 1
tells us the deviation from a
pure circle— distortion. Higher
order also improves the shape
distortion introduced by this
symplecticify process.




Accuracy vs order(cont’d)

A list shown all the integrators from 2"d order to 5% order is shown
here with the error information and the model needed to achieve it.

Integrator Model Error
Lst order (L)(SL) O(L?)
st order (SL)(L) O(L?)
Ray tracing ( ) (=2 SL) ... repeat n times O(L—2
2nd order(thin-lens) ( )(S’L)( ) C')(Lna)
Ray tracing (2n)(SL )( =) --- repeat n times O(%;
4th order (aL)('ySL)(,BL)(6SL)(ﬁL)('7SL)(aL) O(L?)
Ray tracmg (“L)(7SL) (ﬂ—) @S L)(ﬂ—) ('-7&) (“L) - repeat n times O(ﬁ_i)
NOtICT C ot oo oo oo co—rs e e —roen

Have to change way of slicing.




4t order Runge-Kutta is not
symplectic

Considering DE 2" = f(z,2',s), with given initial x & x". A 4t order
Runge-Kutta solves it at x=L

(L) =~ x(0)+ L2'(0)+ %L(tl + t2 + t3)

1
(L) =~ 2'(0)+ g(tl + 2t9 + 2tg + ty)

With
t1 = Lf[x(0),2(0),0]
ty = Lfe(0) + 5La'(0),2'(0) + 51, 5]
ts = Lf[z(0)+ %L:c’(o) + iLtl, 2 (0) + %tg, %L]

ty = Lf[z(0)+ La'(0) + %Ltg, 2(0) + ts, L]




4t order Runge-Kutta is not
symplectic

For a quadrupole, it gives

_ Lioro L gq 1, 1,33
z(L) ~I(0)[1—2kL +24kL]+km(O)[kL—6kL]

’ — 133 ! 122i44.|!!9!n
2'(L) ~ —kz(0) [kL—6k L ]-l—:r (0)[1—2k L+ k'L | )
with sextupole, it becomes

z(L) = =zo+2z5L + %SmgL2 - %Smofr{)L?’ - 1—6;(:1:62 + Sxg)L*

1 1
+ﬁ52m2m6L5 —S?':I:‘lL6

A

(L)

zh + Sr3L + SzozhL? + — (:7:0 + Sa:o)L3 + 75 S2:coa:oL4

+S2$0(ﬁ$0 + ESIQ)LS + ES2 ( I + .'170)L6

[

1 1
+ES3:I:%2:62L7 - ES:}:BO:B{)SLS - @Ssmo L




~

4t order Runge-Kutta is not
symplectic

For quadrupole, the determinantis

k66 N ESLE
72 576

1 —

For sextupole, the determinantis

1 7 1
1-— ﬁ(Ql’O —_ 95130)52[16 %27017053[/7 + E:L‘o(ﬂv — 15S$0)53L8

zh(—zf +46Sx3) S L0 + 5%::2(451- +165z5)S* LY

288
1 2 apin L 5712
+288:1:0.7: (42'? + 13Sx3)S L 576:1:0(15:2 +2S23)S°L
1 1
+576:1:0:1:0(4a: +3S23)S° L1 4+ T3 F0%0 2(z + 3Sx5)S°LM
1
+2304mgm6356L15 |

Both of them are not 1- not symplectic!!
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