
Transverse (Betatron) Motion 
 Linear betatron motion   
 Dispersion function of off momentum particle 
 Simple Lattice design considerations 

      Nonlinearities 
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How5to5transform5from5the5original5coordinate5system5into5the5Frenet3Serret5coordinate5

system?55

Lorentz5force:5
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Natural5focusing5
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Focusing5from5
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Higher5order5
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For5hs=15or5ρ=∞,5one5obtains5the5mulQpole5expansion:5

For5two5dimensional5magneQc5field,5one5can5expand5the5magneQc5field5using5Beth(
representa6on.5
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Dipole55
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 11
= f>0,5if5focusing,5f<05if5defocusing5

We5will5learn5how5to5opQmize5the5arrangement5of5beam5control5elements5in5achieving5

the5wanted5beam5properQes.5
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How to solve the Hill’s equation? 

0)(   ,0)( =+!!=+!! ysKyxsKx yx

Ideal Linear accelerator: 

Let X represent x or y: 

 ,0)( =+!! XsKX

Det(M(s2,s1))=1 

M(s,s0)5is5the5betatron5transfer5matrix.5For5any5two5linearly5independent5soluQons5

y1,5y25of5Hill’s5equaQon,5the5Wronskian5is5independent5of5Qme5
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The5focusing5funcQon5is5piecewise5constant!5
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In5thin3lens5approximaQon5with5ℓ5→50,5the5transfer5matrix5for5a5quadrupole5reduces5to5



,1)(  ,11)(       ,0)( 2 x
B

B
sK

x
B

B
sKXsKX z

z
z

x ∂
∂

±=
∂
∂

==+""
ρρρ



!!
"

#
$$
%

&

−
→
!
!

"

#

$
$

%

&

−
=

1   1/
0         1

cos

sin
   

sin

cos
),(

1

0 fK

K

KK

K
ssM K









1. focusing quadrupole: 
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2. de-focusing quadrupole: 

Thin lens approximation: Let |K|ℓ→1/f as ℓ→0. 

3. Dipole:  Kx(s)=1/ρ2. !!
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Using5edge5focusing,5the5zero3gradient5synchrotron5(ZGS)5was5designed5and5constructed5in5

the51960’s5at5Argonne5NaQonal5Laboratory.5The5ZGS5was5made5of585dipoles5with5a5

circumference5of51725m5a"aining5the5energy5of512.55GeV.5Its5first5proton5beam5was5

commissioned5on5Sept.518,51963.5See5L.5Greenbaum,5A5Special5Interest5(Univ.5of5Michigan5

Press,5Ann5Arbor,51971).5
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The5ambiguity5in5the5sign5of5sin5can5be5resolved5by5requiring5β5to5be5a5posiQve5definite5

number5if5|Trace(M)|5≤52,5and5by5requiring5Im(sinΦ)>05if5|Trace(M)|5>52.5The5definiQon5of5

the5phase5factor55is5sQll5ambiguous5up5to5an5integral5mulQple5of52π.5This5ambiguity5will5be5

resolved5when5the5matrix5is5tracked5along5the5accelerator5elements.5Using5the5property5of5

matrix5J,5we5obtain5the5De5Moivere’s5theorem:5
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The5most5general5representaQon5of5the5matrix5M(s)5with5unit(
modulus5is5given5by5the5Courant&Snyder5parameterizaQon.55



The5necessary5and5sufficient5condiQon5for5stable(orbital(mo6on(is5that5all5matrix5

elements5of5the5matrix5[M(s)]mP5remain5bounded5as5m5increases.5Let5λ1,5λ25be5the5

eigenvalues5and5v1,5v25be5the5corresponding5eigenvectors5of5the5matrix5M.5Since5

M5has5a5unit5determinant,5the5eigenvalues5are5the5reciprocals5of5each5other,5i.e.5

λ1=1/λ2,5and5λ1+λ2=Trace(M).5The5eigenvalue5saQsfies5the5equaQon5

Let5Trace(M)5=525cos(Φ),5where5Φ5is5real5if5Trace(M)5≤52,5and5complex5if5Trace(M)5

>52.5The5eigenvalues5are5λ1=e
jΦ5and5λ2=e

−jΦ,5where5Φ5is5the5betatron5phase5

advance5of5a5periodic5cell.5Expressing5the5iniQal5condiQon5of5beam5coordinates5

(X0,5X{0)5as5a5linear5superposiQon5of5the5eigenvectors:5

we5find5that5the5parQcle5coordinate5a|er5the5mth5revoluQon5becomes5

The5stability5of5parQcle5moQon5requires5that5λ1
m5and5λ2

m5not5grow5with5m.5Thus5

a5necessary5condiQon5for5orbit5stability5is5to5have5a5real5betatron5phase5advance5

Φ,5or5
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A5FODO5cell5is5a5basic5block5in5beam5

transport,5where5the5transfer5matrices5

for5dipoles5(B)5can5be5approximated5by5

dri|5spaces,5and5QF5and5QD5are5the5

focusing5and5defocusing5quadrupoles.5
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Example: FODO cell 

Questions: 
1) Will Φ of these above matrix be identical? 
2) Will α and β of these matrices be identical?  
3) What are the meanings of these parameters? 
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Stability5of5accelerator5cells:5FODO5cell5example5
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Stability5condiQon:5(neckQe5diagram)5
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A5half3cell5is5composed5of5a5quadrupole,5a5mini3straight5secQon5for5correcQon5coil5

spool5piece,5and545dipoles.5A5cell5deflects5the5beam5by53.5º.5

The5inductance5of5a5typical5“half5cell”,5that5is5the5

inductance5of5either5the5upper5or5lower5bus5through5
the5cell,5is5about50.185H.5The5inductance5for5the5

enQre5ring5of5365H.5The5inducQve5stored5energy5at515

TeV5(44405A)5is5350MJ.5

175cells5for5each5

sector.5Since5each5

sector5bends5the5

beam5605degrees.5


