PHY 554

Fundamentals of Accelerator Physics

Lecture 13: Synchrotron motion
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Stable conditions for longitudinal motion in accelerators



The longitudinal electric field at an rf gap
E =Esin(onf(t) + ds). O = hwot

where o,=P,c/R, 1s the angular revolution frequency of a reference (synchronous)
particle, g, 1s the amplitude of the electric field, Byc and R, are respectively the
speed and the average radius of the reference orbiting particle, / is the harmonic
number, and ¢, is the phase angle for a synchronous particle.

We assume that the reference particle passes through the cavity gap in time
tenT,+(—g/2Pc, g/2Bc) (n = integer), where g is the rf cavity gap width. The
energy gain for the reference particle per passage is

) ag/2B30¢c o o ) _
AFE = f-é,[];n’(-f sin( hwot + o4 )dt = eEygT sin o,
_ﬂ."l.‘—}l-jl_}f-' FR—

B sin(hg/2Ry)
 (hg/2Ry)

V=V sin(ot+e)

o.~hf,

The effective voltage seen by the orbiting particle is

V=g, gT. The acceleration rate for a synchronous
article is wo +r -,

P Ep = D eV sin Oe.
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We consider a non-synchronous particle with small deviations of rf parameters
from the synchronous particle, i.e.

{u.f =wp+Aw, o= Ds + Ao, 0 =0+ A0,
p=po+Ap, FE=FEy+ AFE.

Here ¢, 0, ®,, py, E, are respectively the rf phase angle, azimuthal orbital angle,
angular revolution frequency, momentum, and energy of a synchronous particle, and
0, 0, o, p, E are the corresponding parameters for an off-momentum particle. The
phase coordinate is related to the orbital angle by Ap=d—¢, = —hA0, or

d 1 d 1do

Aw = —Af = ———A = ———,

dt hdt . hdt
The energy gain per revolution for this non-synchronous particle is eV sin ¢, where
@ is the rf phase angle. Thus the acceleration rate of a non-synchronous particle is

E = —(l SIN @
2

: : : : I (AE 1 .
The equation of motion for the energy difference is :E (—) =53¢ V(sin ¢ — sin )

lp_ —LD LN o o LAE + [E._.ﬁ‘{-lf’“"{”] AE 4+ .o = % (E)
a

W Wo Wo uuu uJ{] A E Wo



d (AFE |
( ) = —eV (sin ¢ — sin o) Ap wo AFE

dt \ w 27 § = -
q ‘ D0 }'32E wWo
5= - eV (sin ¢ — sin o)
27 ,-'32E ' e

The time evolution of the phase angle variable ¢ 1s

. d 1 d 1 do
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Bl = 415 T
W GoR

= Rg(l + apd + 0'152 ;2 0‘263 g %5 )
1 dR w |
Qe = 70% = Qp + 20’16 = -30'202 = St — ’7—2
Let p=mcpy=p,+p be the momentum of a non-synchronous particle.
The fractional off-momentum coordinate 9 is Ap By

0 = = - -1
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AT AC  Av 1 Ap N=Q—— = — —
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For the moment, we neglect all nonlinear effects in the phase slip
factor. The equation of motion is given by

d AT Ap  nhwi AE
) = . = hne S .
dt (@ Q ) To it Po BzEu ()
d (AE) 1 Vol 6.),
— | —— | = —eVj(sin ¢ — sin ¢ , W
dt \ wy 2m § = - L eV (sin ¢ — sin ¢s)



Linearization — Small-amplitude synchrotron oscillation

e Let yw = ¢ — ¢s and assume |y| < 1.
» Expand the RF voltage around the synchronous phase.
« Combine the two first-order equations into a second-order equation.

Sin(¢s T ¢) — sin ¢s = ¢COS ¢s

. hwgneV cos ¢,
N 2732 FE

hwieV |ncos ¢
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stability requires n cos@s <0



The sign of 1 decides where the stable phase is
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* Below transition: y <yT, son <0.
» Stable acceleration uses 0 < @s < /2.
* Above transition: y > YT, son > 0.
* The stable accelerating phase shifts to

1 m— s,

phase stability condition

ncos @s <0



e hwieV 1y cos dg

W(Q —¢s) = 232 E ~(

O—‘Ds)

heV|ngcos ¢s| \/ heV |n cos o

The angular synchrotron frequency i1s ws = wy \/ nPE 5

where c is the speed of light and R 1is the average radius of the synchrotron. The
synchrotron tune, defined as the number of synchrotron oscillations per
revolution, 18 \/

heV |ng cos o)

27 ﬁQE
Typically the synchrotron tune is of the order of < 1073 for proton synchrotrons
and 10! for electron storage rings.

U«’g

Qs = — =

M

ad |

P-synchrotron | AGS RHIC FNAL-MI | FNAL-BST | SSC | Cooler
E. [GeV/u] | 0.2 28 8 0.2 2000 | 0.045

Vig [MV] 0.3 0.3 2 0.95 10 0.0001

h 12 342 D88 S84 17424 | 1

Yo 8.5 24.5 21.8 5.446 140 4.6

C [m] 807.12 | 3833.84 | 3319.4 474.2 87120 | 86.8

Vs 3.23E-02| 5.89E-04 1.37E-02 1.50E-01 |8.39E-04| 3.95E-04

At 0.4 GeV injection, the synchrotron tune becomes 0.0924 for FNAL-Booster



Synchrotron bucket area, separatrix
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Left: schematic drawing of the rf potentials for ¢.=0 and n/6. The dashed line shows
the maximum “energy” for stable synchrotron motion. Middle: the corresponding
separatrix orbits in (th|n|//eVPB?E)?E_, vs ¢. The phase ¢, is the turning point of the
separatrix orbit. Right: an example of stable rf buckets, called fish diagram, with

b .=m/6.



In what we derived, the rf electric field is considered to be uniformly
distributed in an accelerator. In reality, rf cavities are localized in a short section of
a synchrotron, and therefore synchrotron motion is more realistically described by

the symplectic mapping equation ) ] eV ‘
{ (ﬁn-.-] = l’ﬁn + T},_,{f“]ll C-}ﬂ — S111 {;;}5].
":}”--l —_ ':'..5“ _'i'_ Q:T}!F,J{{iﬂ'{-l)riﬂ-rl'

The physics of the mapping equation can be visualized as follows. First, the
particle gains or loses energy at its nth passage through the rf cavity, then the rf
phase ¢,,, depends on the new off-momentum coordinate J,.,. It is no surprise that
satisfies the symplectic condition: o |
N On+1, On+1 )
f_i((’i” ‘ Ljn_]

The mapping from (¢,, 0,) to (¢,.,, 0,.,) preserves phase-space area. The phase-
space area enclosed by a trajectory (o, 0) obtained from the above mapping equation
is independent of energy. It can not be used in tracking simulations of beam
acceleration. During beam acceleration, the phase-space area in (¢,E/w,) is
invariant. The phase-space mapping equation for phase-space coordinates (¢,E/w,)
should be used. The adiabatic damping of phase-space area can be obtained by
transforming phase-space coordinates (¢,E/®,) to (¢, d).

= 1.

Jacobian =



Fixed points of a Hamiltonian are located at phase space points
with zero velocity field:

H(g,p.t): ¢;=——=0, p=—7-=0. O

op; aq;
. OoH .  OH wpel, . :
¢5=6—§=hna}05 o=— Y = 2;*;82;' (sing —sin¢,)

The fixed points of the synchrotron Hamiltonian are at phase space
points: (¢,,0) and (w-¢,,0). Small amplitude motion around the stable
fixed point (¢,,0) 1s elliptical with synchrotron tune Q.. Motion near
the UFP is hyperbolical.
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Separatrix = last stable longitudinal trajectory
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Turn 0, emittance=0.257472437606

A Matched case
(Perfect injection):

Initial conditions match:
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momentum deviation
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Turn 0, emittance=0.264428447737

Time jitter at
injection, other wise
same as the matched
case:

The phase error 1s:

¢ =nl4



What we should remember from Lecture 13

e RF cavities provide phase-dependent energy kicks: AE

X sing.
e The slip factor n converts energy error into arrival-time core equation
error.

Il-amplit tion is h ic wh < ; 2,0y —
;Sma amplitude motion is harmonic when n cos¢s w + wsw — 0
e The synchrotron tune scales like sqrt(h V [n cos¢s|/E). only after linearization

e Large-amplitude nonlinear motion is organized by RF
buckets and separatrices.

e Bucket area and bucket height describe longitudinal
acceptance.

RF force + phase slip = longitudinal focusing
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